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Chapter 1

Introduction

From the very first work on integration involving the Riemann integral, to to-
day’s standard Lebesgue integral, there have been many different definitions
proposed for constructing a useful and practical integral. While Riemann in-
tegration is easy to understand, it has many limitations in both the functions
which can be integrated and the ways in which the integral can be used (for
example, its interaction with limits). On the other hand, Lebesgue integra-
tion is powerful, but as argued by Bartle in [5], requires a lot of background to
define, making it difficult to think about intuitively and use practically. His
proposed solution was the Generalised Riemann integral, a construction first
invented in the 1950s by Kurzweil and Henstock. This integral could handle
a wider range of functions than either the Riemann or Lebesgue integrals,
was easy to define, reasonably easy to compute, and many theorems concern-
ing the Riemann and Lebesgue integrals had analogues in the Generalised
Riemann context.

The Riemann-Stieltjes integral is a generalisation of the Riemann integral
in that it involves two functions - both an integrand and an integrator. In this

thesis, we will be focussing on the Generalised Riemann-Stieltjes integral,
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a little-known type of integral which aims to do for the Riemann-Stieltjes
integral what Kurzweil, Henstock and Bartle did for the Riemann integral.

The aim of our investigation of this integral is to apply it to the field of
fractional calculus. As early as the 1600s, mathematicians were questioning
the possibility of taking derivatives of a fractional order. Today, fractional
calculus has expanded to include both real and complex order derivatives.
Over the years, many definitions of a “fractional” derivative have been pro-
posed. These methods had advantages and disadvantages compared to to-
day’s ideas - the main positive being ease of calculuation, and the main
negative being the limited range of functions to which the definitions could
be applied. We will examine today’s definitions, and then proceed to apply
the Generalised Riemann-Stieltjes integral and a corresponding derivative to
generalise those definitions. The goal of this work is to provide new existence
theorems, apply the ideas of fractional calculus to functions which have not
been used in standard practice, and create a framework for fractional calculus
on infinite intervals.

In Chapter 2, we review the definition of the Riemann integral, and then
examine three generalisations of it: the Generalised Riemann Integral (also
known as the Kurzweil-Henstock integral), the Riemann-Stieltjes integral
and the Generalised Riemann-Stieltjes integral (also known as the Henstock-
Stieltjes integral, such as in [8]). We will also see some typical examples of
various types of integration.

In Chapter 3, we study the Generalised Riemann-Stieltjes integral in
closer detail, proving a number of useful properties and presenting theo-
rems concerning Riemann or Lebesgue integration based on the proofs given
in [1] and [2]. We also introduce interval gauges based on the corresponding

concept for the Generalised Riemann integral in [2].



CHAPTER 1. INTRODUCTION 4

In Chapter 4, we present the a-derivative, a generalisation of the ordinary
derivative which is intended for use with Riemann-Stieltjes or Generalised
Riemann-Stieltjes integrals as the natural “inverse” of the a-integral. We
follow and expand upon the results in [6], with original work as well as
several theorems based on results concerning the standard derivative. We
also see some examples in order to better understand this little-known type
of derivative.

In Chapter 5, we prove the Fundamental Theorem of Calculus for the Gen-
eralised Riemann-Stieltjes integral, an original result based upon the proofs
in [2] and [6] for the Generalised Riemann and Riemann-Stieltjes integrals
respectively.

In Chapter 6, we examine a number of convergence results including the-
orems corresponding to the familiar Monotone and Dominated Convergence
Theorems following [2].

In Chapter 7, we prove an original result which compares Generalised
Riemann-Stieltjes integrals to Riemann or Generalised Riemann integrals in
an attempt to simplify the calculations involved based on a similar theorem
concerning the Riemann-Stieltjes integral in [3] and [4]. The modifications
in our proof are based on the techniques presented in [2].

In Chapter 8, we prove a number of existence results for the Generalised
Riemann-Stieltjes integral based on similar methods in [2].

In Chapter 9, we examine the concept of improper integrability via Hake’s
Theorem based on [1]. As a prerequisite, we review the Vitali Covering
Theorem. We briefly examine Generalised Riemann-Stieltjes integration on
infinite intervals.

In Chapter 10, we prove a property of the Generalised Riemann-Stieltjes

integral which converts between integration and summation in appropriate
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circumstances based on a similar property for the Riemann-Stieltjes integral
in [3] and [4]. In an original application of this result, we rewrite the defi-
nitions of the Laplace and Z-transforms. We also apply the result in some
original work which provides a discrete approximation of an integral used in
fractional calculus.

In Chapter 11, we review fractional calculus and provide some examples
of typical techniques as in [9].

In Chapter 12, we introduce generalised fractional calculus via revised
definitions of the Riemann-Liouville fractional integral and derivative, and
the Caputo fractional derivative. The work in this chapter is completely
original. It is motivated by the question of whether we can generalise concepts
from fractional calculus using the a-derivative and Generalised Riemann-
Stieltjes integral. We prove appropriate existence results based on the work

in Chapter 8, and give some examples.



Chapter 2

A Variety of Integrals

The Riemann Integral

To begin, we shall review the definition of the familiar Riemann integral
since the definitions of the three other integrals we will consider are based
upon it.

Let I = [a,b].

Definition 1. A partition of [ is a finite collection {/;}"_, of non-degenerate

closed intervals I; = [z;_1, z;] satisfying
Oa=Tp<T1 < <1 <X < - <x,=0b

Example 1. Let I = [0,1]. The collection {I;}1,, where I; = [=1, 1] is a

Z
n

partition of I.

Definition 2. A tagged partition P of [ is a finite collection of ordered
pairs P = {([;,t;)}?_, where {[;}!, is a partition of I and ¢; € I; for all
i€ {l,---,n}. The t; are called tags.

Example 2. Using the same partition of [0, 1] from Example 1, we assign

tags t; = £. Then P = {(I;,t;)}I_, is a tagged partition of [0,1]. Note that

6
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in this example we assigned each interval its right endpoint as a tag, however
this choice was completely arbitrary. We could easily have chosen the left
endpoint, midpoint or any other point in the interval. We could also choose

the left endpoint for some intervals, and the right endpoint for others.
Definition 3. If P = {(I;,t;)}, is a tagged partition of [ and f: I — R is
a function, then the Riemann sum of f with respect to P is given by

S(f; P) = Zf(tz‘)(fi — Ti-1)

Example 3. We will use the tagged partition of [0, 1] given in Example 2,
and choose the function f : [0,1] — R given by f(x) = x. The Riemann sum

of f with respect to P is given by

S(f, P) = Zf(fi)(xi — Ti-1)

n? 4
=1

1 /1
=2 (gn0+ )
o n+1
2n
Definition 4. The function f : I — R is Riemann integrable if there

exists L € R such that for every € > 0 there exists a constant . > 0 such

that if P is a tagged partition of I satisfying
0<x; — x4 <(5€

fori=1,...,n, then

|S(faP)_L’<€
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We denote the space of Riemann integrable functions on [a, b] by R[a, ], and

write L = f;f

Example 4. Consider the function f : [a,b] — R given by f(z) =¢ Vx €
[a, b], where ¢ is a constant. We will show that f € Rla,b]:

Fix ¢ > 0. Let us choose d. := 1. Suppose that P = {(I;,t;)} is a tagged
partition of [a, b] satisfying 0 < z; —x;_1 < J. fori € {1,...,n}. We calculate

the Riemann sum

n

S(f,P) = Zf(tz')(%‘ — 1) = Y c(w —x) = (b a)

=1

So we have |S(f, P)—c(b—a)| = 0 < ¢, and since £ was arbitrary, we conclude

that f € R|a,b] and fabf =c(b—a).

Example 5. We return to Example 3. We will show that f € R[0, 1] and
b

fa f - %

Fix € > 0. Let us choose 0. := . Suppose that P = {(/;,t;)}, is a tagged

partition of [0, 1] which satisfies x; — x;_1 < J. for all i € {1,... ,n}.

Now let us define another tagged partition, @ = {([;,¢)},, where ¢; =

1
2

We have

(x; + x;_1). So ¢; is the midpoint of the interval I;.

S(f,Q) = Zf(%)(% — 1)

1
= 5(371 + 1) (2 — xi-1)
=1
"1
= 5(.’1312 - xz—l)
=1
— (12 o 02)
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since the last summation is a telescoping sum.

Now, note that |t; — ¢;| < d. for all i € {1,...,n} since t;,¢; € I; and the
length of each of the I; is bounded by d..

We now use the triangle inequality to relate S(f, P) to S(f, Q):

S(f; P) = S(f, Q) = D _tilws —xia) = Y ailws — wi1)
=1 =1
< Z It — @il (2 — @i-1)
=1

< (55 i(%z — xi—l)
=1

So we have |S(f,P) — S(f,Q)| = |S(f,P) — 3| < 6. = ¢, and therefore
feR0,1]and [*f=1.

The Generalised Riemann Integral

The next integral we shall see is the Generalised Riemann integral, oth-
erwise known as the Henstock-Stieltjes integral, which was invented in the
1950’s and popularised in the 1990’s-2000’s in a series of articles and text-
books by Robert Bartle. In his work, Bartle argued that this integral should
be more widely used since it encompasses both Riemann and Lebesgue inte-
grable functions, as well as other functions which neither of those integrals
can handle. In a result known as the Consistency Theorem, it is shown that
all Riemann integrable functions are Generalised Riemann integrable, and
the integration evaluates to the same result. It is also known that a function
is Lebesgue integrable if and only if both f and |f| are Generalised Riemann
integrable. This integral also deals with improper integrals better, as the

limiting process we're familiar with regarding the Riemann integral does not
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extend the Generalised Riemann integral, meaning that integrability and im-
proper integrability essentially amount to the same thing. We will not go into
properties of this integral in detail as many of them are reflected in theorems

about the Generalised Riemann-Stieltjes integral that we will see later.
Definition 5. A gauge on [ is a strictly positive function § : I — (0, 00).
Example 6. The function ¢ : [0,1] — (0, 00) given by

1 it =0
i(z) =
x if x€(0,1]

is a gauge.

Definition 6. If P = {(I;,t;)}, is a tagged partition of I, and § : I —
(0,00) is a gauge on I, then P is d-fine if

ti €L Clti—0(t:), ti + 6(L;)]
for all i € {1,...,n}.

Example 7. Consider the gauge ¢ from example 6. The partition P =
{([0,0.75],0), ([0.75,1],0.8)} is d-fine since

1 —x0=0.75< (S(to) = 5(0) =1

and

2y — a1 =1—-0.75=025 < §(t;) = 6(0.8) = 0.8

Definition 7. The function f : I — R is Generalised Riemann inte-
grable if there exists L € R such that if for every € > 0 there exists a gauge

d: : I — (0,00) such that if P is a tagged partition of I which is J.-fine, then
|S(f,P)—L| <E

We denote the space of Generalised Riemann integrable functions on I by

GR(I), and write L = fabf
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The Riemann-Stieltjes Integral

This integral is a generalisation of the Riemann integral because we are
now working with two functions (an integrand and an integrator) rather than
just one.

Firstly, we need to modify the concept of the Riemann sum to include

the integrator.

Definition 8. The Riemann-Stieltjes sum of a function f : [ — R
with respect to the integrator function « : I — R and the partition P =
{(Z;,t;)}, is given by

n

S(f, Pra) =Y ft)a(wi) — afz; )]

i=1
Definition 9. The function f : I — R is Riemann-Stieltjes integrable
with respect to the integrator function o : I — R if there exists L € R such
that for all € > 0 there exists a constant 6. > 0 such that if P = {(;,t;)}~,

is a tagged partition of I satisfying

0<x; —wi_g <O
for all i € {1,... n}, then

|S(f, P,a) — L] < e

We denote the space of functions on I which are Riemann-Stieltjes integrable

with respect to o by RS(I, «), and write L = fab fda.

Note that while the definition does not place any restrictions on the inte-
grator function «, we naturally need some extra conditions on both « and f
for the integral to exist. We have the following result: If o is monotone and

: : b .
f is continuous then fa fda exists. However, there are a number of useful
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integrator functions outside of the context of this theorem, such as step func-
tions, which we will see much later using the Generalised Riemann-Stieltjes
integral.

The Generalised Riemann-Stieltjes Integral

The final integral we will see combines elements of the definitions of all
of the previous integrals we have examined, in the hopes that we will also be

able to combine useful properties of those integrals.

Definition 10. The function f : I — R is Generalised Riemann-Stieltjes
integrable with respect to integrator function a : I — R if there exists
L € R such that for all € > 0 there exists a gauge d. : I — (0, 00) such that
it P={(I;,t;)}", is a tagged partition of I which is d.-fine, then

|S(f, P,a)—L| <e

We denote the space of functions which are Generalised Riemann-Stieltjes

integrable on I with respect to o by GRS(I), and write L = fab fda.

Remark. When the integrator function is given by a(x) = z, the Generalised

Riemann-Stieltjes integral reduces to the Generalised Riemann integral.

Example 8. The Generalised Riemann-Stieltjes integral is useful because
it allows us to integrate a wider range of functions than we could with the
Riemann-Stieltjes integral. Here is an example of a function which is not
Riemann-Stieltjes integrable with respect to an integrator function «, but is
Generalised Riemann-Stieltjes integrable with respect to a.

Let [a,b] = [0,1]. We define functions f,« : [0,1] — R by

0 if x=0
fw) = alz) =
1 if ze(0,1]
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Claim: The function f is not Riemann-Stieltjes integrable with respect to a.
Proof of Claim: Let P = {(I;,¢;)}_, be a tagged partition of [0, 1]. For the

first interval [xg, z1] we have
a(r)) — a(rg) = a(x;)) —a(0)=1-0=1
and for all other intervals, we have
alz;)) —a(r;)=1-1=0

Now, the Riemann-Stieltjes sum can have two values, depending on how the
tag for the first interval, t1, is chosen. If t; = 0 then f(¢;) = 0. If t; > 0

then f(t1) = 1. So the Riemann-Stieltjes sum is given by
S(f, Pra) =Y ft)awi) — alz; ]
i=1

0 it t1=0

1 if ¢ € (0,14]
Since the sum has two different values, the absolute value of the difference
between S(f, P,«) and any A € R cannot be less than any e, and therefore
f is not Riemann-Stieltjes integrable with respect to a.
Claim: The function f is Generalised Riemann-Stieltjes integrable with re-
spect to a.

Proof of Claim: Fix € > 0. We choose the gauge

if =0

W=

i(z) =
if ze€(0,1]

[N

Now, suppose that P = {(I;,t;)} is a d-fine partition of I. We claim that the
tag for the first interval in the partition, that is, [0, z1] for some z; € I, must

be t; = 0. Since P is é-fine, we have

[0,21] C [t1 — (t1),t1 + 0(t1)]
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Hence t; — d(t1) < 0. Now, if ¢; > 0 then §(t;) = % and so

th b
th—06t) =t —==—=>0
1 (1) 1 2 2

This creates a contradiction, so we must have ¢; = 0. The Riemann-Stieltjes

sum is given by
S(f, P.a) = f(t)[a(z1) — a(0)] =0

So the Riemann-Stieltjes sum approaches a limit, and therefore the Gener-

alised Riemann-Stieltjes integral exists.

Theorem 1. Let o : I — R be any integrator function, and let f: I — R
be given by f(x) = ¢ for all x € I, where ¢ € R is a constant. Then
f € GRS(I,a) and .

| s =cia) - aa)

Proof. Fix € > 0. We define the gauge 0. : I — (0,00) by 0.(¢) := 1 for all
tel
We have

M-

S(f> Pa O./) - f(tz)[a(xl) - a(xi—l)]

=1

3 |l

cla(r;) — a(w;1)]

I

o
I
(=~

[a(zi) — 1))

1

— cla(b) - a(a))

~.
Il

So we have |S(f, P,a) —cla(b) —a(a)]| = 0 < ¢, and therefore f € GRS(I, @)
and

b
| #da = cla(®) - a(a)



Chapter 3

Properties of the GRS Integral

In this section, we will prove a number of basic properties of the Generalised
Riemann-Stieltjes integral. Although they are important in themselves, a
number of these results are essential building blocks in other theorems, as
well as aids in the computation of integrals, something which is generally
difficult to do just using the definition.

We first see a result which is important in the theory of both the Gener-

alised Riemann-Stieltjes and Generalised Riemann integrals.

Theorem 2. (Cousin’s Theorem) If 6 : I — (0,00) is a gauge on I then

there exists a -fine partition of I.
Proof. We define
E:={x €a,b]: there exists a o-fine partition of [a,z]}

Now E is non-empty since ([a,z],a) is a d-fine partition of [a,z]| for x €
[a,a+ 6(a)] Na,b]. Since E C [a,b], the set E is bounded. Let u = sup(FE),
so that a < u <b.

Claim: v € E.

15
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Proof of Claim: Since u — 6(u) < u = sup(E), there exists v € E such that
u—9(u) <v<u

Let P, be a d-fine partition of [a,v]. Define Py := P, U ([v,u],u). Then P; is

a 0-fine partition of [a,u], since P is d-fine and we have
u—90u) <v<u<u<u+d(u)

Hence u € E.
Claim: u = b.

Proof of Claim: Suppose u < b. Let w € [a, b] be such that
u<w<u+o(u)

If @, is a d-fine partition of [a, u], then define Q3 := Q1 U ([u, w],u). Now @y

is a d-fine partition of [a, w] since @) is 0-fine and
u—90u) <u<u<w<u+o(u)

So we have w € E. But this contradicts the assumption that u is an upper

bound of E, therefore we conclude that u = b. O

We now see another way to define the concept of a gauge, which can be
applied to both the Generalised Riemann and Generalised Riemann-Stieltjes

integrals.

Definition 11. An interval gauge on an interval [ is a mapping A : ¢t —

A(t) = [a(t),b(t)] such that t € (a(t),b(t)) for all t € 1.

Example 9. The mapping on [0,1] given by A : ¢t — [t — 1,t + 1] is an

interval gauge.
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Remark. If A is an interval gauge on I then the mapping
6A I — [0, OO)
defined by da(t) := min{t — a(t),b(t) — t} for t € I is a (point) gauge.

Definition 12. Suppose that A is an interval gauge on I. A tagged partition
P ={(1;,t;)} is A-fine if
I; C A(t)

foralli=1,...,n.

Theorem 3. Let I be an interval and let A be an interval gauge on I. Then

there exists a A-fine tagged partition of I.

Proof. Consider the gauge da defined in Remark 3. By Cousin’s Theorem,
there exists a da-fine tagged partition P of I. Now, if a partition is da-fine

then it is also A-fine, and so P is a A-fine tagged partition. O

Definition 13. A function f : I — R is Generalised Riemann-Stieltjes
interval integrable with respect to a function o : I — R on [ to a value of
D € R if for all € > 0 there exists an interval gauge A, on I such that if a

tagged partition P is A.-fine then
|S(f,P,Oé) _D| <€

Theorem 4. We have f € GRS(I,«) with integral D if and only if f is

Generalised Riemann-Stieltjes interval integrable on I with value D.

Proof. Suppose that f € GRS(I,«) with integral D. We can convert the
point gauge 0. into an interval gauge A, by setting A.(t) := [t—0d:(¢), t+0:(¢)]
to show that f is Generalised Riemann-Stieltjes integrable with value D.
Suppose f is Generalised Riemann-Stieltjes interval integrable on I with
value D. Then, using the point gauge in Remark 3 we conclude that f €
GRS(I,a) with value D. O
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The next result is important because it relates Generalised Riemann-
Stieltjes integrability with Riemann-Stieltjes integrability, much in the same
way that we can relate Generalised Riemann and Riemann integrability. It

also provides a helpful aid for calculation.

Theorem 5. (Consistency Theorem) If f € RS([a,b],«) with fab fda = L
then f € GRS([a,b], ) with f: fda = L.

Proof. Fix € > 0. We need to find a suitable gauge. Since f € RS([a,b], @),
there exists a constant d. > 0 such that if P = {(I;,t;)}", is a tagged
partition with

0<1’i—l‘i_1<55

for all i € {1,...,n} then |S(f, P,a) — L| < e. We define 6*(t) := 14, for all

=g
t € [a,b]. If P* is a §*-fine partition then

Oc 0c
I; C [t — 02 (i), ti + 02 (t)] = [t: — Tt Z]
This is equivalent to
t 55< <t; < <t+55
i T STl S ST ST
4 ! 4
So we have
Oc Oc Oc
e < (o By (. By =
0<ua xz_l_(tl—l—4) (t; 4) 2<5E

for all i € {1,...,n}. Hence P* satisfies the condition from the definition of

the Riemann-Stieltjes integral, and so
|S(f,P*,Oé) _L| <é

So every d.-fine partition satisfies |S(f, P*,a) — L| < €, and since € > 0 is
arbitrary, we conclude that f € GRS(I) and fab fda = L. O
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Now we shall prove that the result of a Generalised Riemann-Stieltjes in-
tegration is unique, an important theorem without which this integral would

not make sense.

Theorem 6. (Uniqueness Theorem) If f € GRS([a,b], ) then the value of
the integral fab fda is uniquely determined.

Proof. Assume that Lq, Ly both satisfy the definition. Fix ¢ > 0. Since L
satisfies the definition, there exists 6! Jo ¢ la,b] = (0,00) such that if P is a

5! Jp-fine partition then

€

IS(F.Pra) = L] < =

Since L, satisfies the definition, there exists §2 1ot la,b] = (0,00) such that

if P, is a 62 /2—ﬁne partition then

19
|S(f,P2,OZ)—L2| < 5

We define 6. : [a,b] — (0,00) by 0.(t) = mm{(SE/Q( ), €/2( )} for all t € [a,b].
So J. is a gauge on [a, b] since the minimum of two positive numbers is still
positive. If P is a d.-fine partition, then P is both ¢! <2 -fine and ¢? /o -fine: for

alli € {1,...,n} we have
ti € I; C [ty — 0c(ti), ti 4 0 (t:)] C [ti — 0L jo(t:), ti + 02 o (t:)]

and

ti € i C [t — 0c(t:), ti + 0:(t:)] C [ti — 02 (t), i + 025 (t:)]

Hence, from the definition, we have

1S(f, P,a) — Li| < % and [S(f,P,a) — Ly| < %
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Now we have

| Ly = Lo| = [(S(f, P,a) — La) = (S(f, P, ) — L)
<|(S(f, Pa) = Lo)[ + |(S(f, Pa) — Ly))]
<g+§

Since € > 0 is arbitrary, we conclude that L; = Lo, and so the value of the

integral is uniquely determined. O

The next results prove that the collection of Generalised Riemann-Stieltjes

integrable functions is a vector space.

Theorem 7. If f € GRS([a,b],«) and k € R then (kf) € GRS([a,b], @)

/ab(kf)da = k/ab fda

Proof. Fix e > 0. Let A := fab fda. If K =0 then kA = 0, and the function
kf is identically zero so fab kf =0 (by Theorem 1). If k # 0 then let d./ be

and

a gauge such that if the partition P = {(/;, ;) }I-; is 0cx-fine then

|S(f, P,a) — Al < — |k:|

(This is possible since f € GRS([a, b], «). We have |k| > 0 and so multiplying
the above inequality by |k| gives

‘k||S(f,P,CM)—A’<5

and therefore

kS(f, P.a) — kA| < ¢
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Now, we have

=1

— Z kf(ti)a(z:) — a(ri)]

_ kz Ft:)ala;) — alz;i )]
= kS(f, P, )

So by substituting into (3) we obtain
|S(kf, Pa) —kA| <e
Hence kf € GRS([a,b], @) and fab(kf)da =kA = kf; fda. O

Theorem 8. If f,g € GRS([a,b],«) then f+ g € GRS([a,b], ) and

/ab(f+g)doz:/abfdoz—|—/abgda

Proof. Fix € > 0. Let A := f; fda and B := f;gda. Let 61,02 : [a,b] —

(0, 00) be gauges such that if partition P; is d!-fine and partition P is §>-fine
then
£ £
|S(f,P170é)—A|<§ and |S(f,P2,OZ)—B|<§

We define 6.(t) := min{d!(¢),2(t)} for all ¢ € [a,b]. If a partition P =
{(L;,t;)}7; is d.-fine then it is also §!-fine and 6%-fine. We have

n

S(f+g,Pa)= Z(f + g)(t:) (i) — a(xi1)]

=Y ft)alw:) — alzia)] + Zg(ti)[a(xi) — a(wi-1)]

i=1

=S(f,P,a)+ S(g, P,a)
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and so, using the Triangle Inequality,

’S(f+g,P,Oz)—(A+B)|=|S(f,P,Oz)—A+S(f,P,a)—B’

<

S(f,P,Oé)—A|+|S(f,P,OJ)—B|

A
B | ™

+

DO | ™

3

Since € > 0 was arbitrary, we conclude that f,g € GRS([a, b, a) and

/ab(f+g)da:A+B:/abfda—l—/abgda

]

Remark. Using the process of induction, it can be shown that if fi,..., f, €
GRS([a,b],e) with [ fydo = L; and ki,...,k, € R then Y7 k;f; €
GRS([a,b], @) and

b n n
Y kifyda = kL,
j=1 Jj=1

So linear combinations of Generalised Riemann-Stieltjes integrable functions

a

are also Generalised Riemann-Stieltjes integrable, and the integral of the sum

is equal to the sum of the integrals.

The next results we see are important because they show that under

certain conditions, integration respects inequalities.

Theorem 9. Ifa : [a,b] — R is an increasing function and f € GRS([a, b], «)
with f(x) >0 for all x € [a,b] then

/abfzo

Proof. Fix ¢ > 0 and define A := ff fda. Let 0. : [a,b] — R be a gauge
such that if the partition P = {(;,t;)}; is d.-fine then |S(f, P,a) — A| < .
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Since f(z) > 0 for all € I, and « increasing implies a(x;) — a(x;—1) > 0

for all i € {1,...,n} we have

n

S(f,Pya) = flt:)alw:) — alz;i1)] 20

i=1
Hence 0 < S(f, P,a) < A+e. Since ¢ > 0 is arbitrary, we have A = fab fda >
0. O

Corollary 1. (Monotonicity) If « : [a,b] — R is an increasing function and

f,9 € GRS([a,b], ) with f(x) < g(x) for all x € [a,b] then

b b
/fdozg/gdoz

Proof. We define the function h : [a,b] — R by h(z) := g(z) — f(z). By
Theorems 7 and 8, we know that h € GRS([a, ], @) and fab hda = ff gdo —
fj fda. Now, f(z) < g(x) for all = € I implies that h(z) > 0 for all x € I.
Using Theorem 9, we have fab hda > 0 and therefore

b b b b
/gda—/fdaZO(:)/fdag/gda

The upcoming corollary is a consequence of the previous theorems and

O

also the result concerning integration of a constant.

Corollary 2. If «: [a,b] — R is an increasing function, f € GRS([a,b], ),
and m, M € R with m < f(x) < M for all x € I then

mla(b) - aa)] < / fda < Ma(b) - o(a)]

Proof. Firstly, note that using Theorem 1, we have m, M € GRS([a,b], ).
We have f(x) —m > 0 and so fab(f — m)da > 0. Using Theorem 8 we
conclude that fab fdo — fab mda > 0. So

/ab fda > /ab mda = m[a(b) — a(a)]
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Similarly, since M — f(z) > 0 on I, we have f; Mdo — f; fda > 0 and so

[ e [ atdec= asiov) - ata)

24

]

This corollary clarifies the interaction between the integral and the abso-

lute value function.

Corollary 3. If a : [a,b] — R is an increasing function, and f,|f| €

GRS([a,b],«) then

[ saa] < [ 15140

—f(@)] < flz) <|f(x)| Veel

Proof. We have

and so, using monotonicity;,

[ 1 [ gaacs [ 1o

Contracting the absolute value inequality, we conclude that

/abfdoz S/ablflda

]

We recall that a Cauchy sequence is one in which the terms become closer

and closer to each other rather than to a particular limit. The next result

aims to rewrite the definition of integrability in a similar form - by assuming

that the Riemann-Stieltjes sums are “close” to each other rather than to

a number (the integral). It successfully characterises integrability in these

terms.
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Theorem 10. (Cauchy Criterion) Let o : I — R be an integrator function.
For a function f : I — R, we have f € GRS(I,«) if and only if for alle > 0
there exists a gauge v : I — (0,00) such that if P,Q are two y-fine partitions
then

‘S(f,P,a)—S(f,Q,Oé)l <é

Proof. For (=): If f € GRS(I, o) with integral A, then let d./» be a gauge
on I such that if P, Q are d./-fine then

|S(f7p,06)—A|<% and |S(f,Q7a)—A|<g

Now, using the Triangle Inequality, we have

|S(f,P,oz)—S(f,Q,oz)| = |(S(f,P,Oé)—A)+(A—S(f,Q,Oé))|
< ’S(f,P,Oé)—A‘+|S(f,Q,O{)—A’

A
DO ™

_|_

DO ™

as required.
For («): For each n € N, let 9,, : I — (0,00) be a gauge on [ such that if
P, Q) are ¢,-fine partitions then

SU Poa) = S(1,Qu )| < -

Without loss of generality, we may assume that d,,(t) > d,41(t) for all ¢t € I,
as otherwise we may replace d,, by 8/, = min{0ds, ..., d,}. Now for each n € N,
let P, be a tagged partition which is §,-fine. If m > n then both P, and P,

are 0,-fine, and so we have

S(f, Part) = S(F, Pay)] < (3.1)
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Hence, the sequence of Riemann-Stieltjes sums {S(f, Py, a)}>°_; is a Cauchy
sequence in R. Since R is complete, the sequence must also be convergent.
We define

A= lim S(f, Pn,«)

m—00

so that after taking limits in (3.1) we obtain

lim |S(f, Po,a) — S(f, Py, a)| < lim —

m—oo m—o0 M

and therefore

IS(f, Puva) — Al <

We will now show that A = fab fda. Fix e > 0 and let K € N be such that

K > g If Q is a 0k fine partition then using the Triangle Inequality we have

‘S(f,Q,Oé)—A’ = |(S(f,Q,Oé)—S(f,PK,Oé)—i—S(f,PK,Od)—A’

< |5(f,Q, ) = S(f, Pk, a)| + [S(f, Px, ) — A
1

< —
= —i—K

=l x| =

<e€

Since € > 0 is arbitrary, we conclude that f € GRS(I,«) with f; fda =
A. O

We are familiar with the Squeeze Theorem or Sandwich Theorem for con-
vergent sequences. The next result uses a similar technique to characterise
integrability of a function f by examining the integrability of two other suit-

able functions which are hopefully more computationally amenable.

Theorem 11. (Squeeze Theorem) The function f € GRS(I,«) if and only
if for all € > 0 there exist functions ¢.,v. € GRS(I, ) with ¢-(x) < f(z) <
Ve(x) for all v € I and such that [,(¢. — ¢.)da < e.
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Proof. For (=): Fixe > 0. If f € GRS(I,«), then take ¢. = . = f, and

so [;(te — ¢e)dov = [, 0dov =0 < e.
For («<): Fix € > 0. Then for any tagged partition P of [ we have

¢ < [ <t = S(¢e, Poa) < S(f, Pya) < S(Ye, P o)

Now since ¢. € GRS(I, a), there exists a gauge 0! : I — (0,00) such that if
P is a 0}-fine partition then |S(¢., P,a) — [, ¢.da| < e. By rearranging we
obtain
/qf)eda —e < S(¢e, P, )
I
Since ¥. € GRS(I,a), there exists a gauge 62 : I — (0, 00) such that if P is

a 02-fine partition then [S(¢)., P, &) — [} ¢.da| < . By rearranging we obtain

S((bEaPJa)S/I'(ZﬁEdOé—i—éT

We define the gauge d. := min{d!,62}. So if P is d.-fine then P is both

2-fine and 62-fine, and

/ poda— e < S(6., P.a) < S(f, P.a) < S(, Poa) < / bo+e
I I

Similarly, if Q) is d.-fine then
- [v—e< st - [+
If we add the two inequalities we obtain
- [0 = da =20 < S(1.P.) = 5(£.Q.) < [ (0 = 6)da+ 22
Hence, from the definition of absolute value,
S(.P.0) = S Q)| < [ (5 = 6.)da+ 22 < 3¢
using the condition that [ (¢ — ¢.)dav < e. Since € > 0 was arbitrary, f

satisfies the Cauchy Criterion, and hence f is integrable on I. ]
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Thus far, we have only considered integrals on a single interval, and have
been more interested in the integrand and integrator than the interval itself,
however, the next result aims to relate integrals of the same functions on

different intervals.

Theorem 12. (Additivity Theorem) Let o : [a,b] — R be an integrator func-
tion. Suppose that f : [a,b] — R and ¢ € (a,b). Then f € GRS([a,b], «) if
and only if the restrictions f|q,q and fliy are Generalised Riemann-Stieltjes

integrable with respect to . In this case, we have

LU@:AV@+1%@

Proof. For («): Suppose that fi; = flj.q is integrable to Ly and fo = f|cp
is integrable to Ly. Fix € > 0. There exists a gauge ¢* : [a,c] — (0, 00) such

that if P, is a §'-fine partition of [a, ] then

g
1S(f1, Pr,a) — L] < 3

Similarly, there exists a gauge 6 : [c,b] — (0, 00) such that if P, is a §*-fine
partition of [c, b] then

(f2s Prv) = L] < 5
We define a gauge 0. : [a,b] — (0,00) by

min{é'(z), 3(c — z)} if z€la,c)

>

0(z) = ¢ min{0"(z), 6*(z)} it z=c

min{é*(z), 5(z — )} if e (cb

\
Claim: Any J.-fine partition of [a,b] has ¢ as a tag for any subinterval con-
taining c.

Proof of Claim: Suppose I; = [z;_1, ;] is an interval in a J.-fine partition,
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and that ¢ € I;. We will assume by way of a contradiction that the tag ¢; # c.
Suppose that t; < ¢. Since ¢ € I; and t; € I;, we know that the length of I; is
greater than or equal to c—t;. Now, d.(t;) = min{6'(t;), 2 (c—t;)} < L(c—1t;).
So by d.-fineness we have

[Tio1,m5] C [ti — 0:(ts), ti + 6-(t3)]

(3.2)

gm—%@—mm+%@—M]

So the length of I; is less than or equal to ¢ — ;. Hence the length must be
¢ — t;, and therefore [z;_1, z;] = [t;, ¢]. Substituting into (3.2), we obtain
1 1
[ti,c] C [t; — 5(c —t),ti+ §(c — ;)]

and therefore we must have

+

N | S

1

N O

But since ¢; < ¢ we have % < 5 and therefore ¢ > % + 5. This is a contra-
diction. The argument is similar for the case of ¢; > ¢. So we conclude that
t; = c as required.

Claim: If Q is any d.-fine partition of [a, b] then there exists a §'-fine partition

Q; of [a,c] and a §*-fine partition Q; of [c, b] such that

S(f,@,Oé) = S(flanaa)+S(f2>Q27a)

Proof of Claim: We will work by cases.

Case 1: c is a partition point of (). Then ¢ is contained in two subintervals
of () and, using the previous claim, is the tag for both of them. Let us define
()1 to be the set of pairs in ) with subintervals in [a, ¢], and Q2 to be the set
of pairs in @, with subintervals in [c,b]. Then Q) is 6'-fine and Qs is §*-fine,
and we have

S(faQaa) = S(fl)@laa)+s(f2aQ27a)
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Case 2: ¢ is not a partition point of ). Then c is the tag for precisely one
subinterval of @, let’s say [zx_1, zx]. We will replace the pair ([xg_1, 2], ¢)
by the two pairs ([xx_1,¢|,c) and ([c,zx],c). Let @1 and @y be the tagged
partitions of [a, ¢] and [c, b] respectively that result from this procedure. We

examine the contribution to the Riemann-Stieltjes sum

fe)aler) — alzr-1)) = fle)lale) — alzra)] + fo)falzr) — alc)]

Hence
S(f,Q,a) = S(f1,Q1,a) + S(f2, Q2, @)

In both case 1 and case 2, we have, via the Triangle Inequality,

‘S(fa Q,Oé) - (Ll +L2)’ = ‘S<f17Q1705) +S<f2,Q2,Oé) - (Ll +L2)’
< [S(f1, @, @) — Li| + [S(fo, Qs ) — Lo

LE,€ (3.3)
22
=€

Since € > 0 was arbitrary, we conclude that f € GRS([a,b],a) and

/abfdoz:/acfdoc—i-/cbfda

For (=): Suppose that f € GRS([a,b], ). Fix £ > 0, and let 7. be a gauge
which satisfies the Cauchy criterion. We define f, := f|.,q, and let Py, Q4
be v.-fine partitions of [a, c|. Through the process of adding partition points
and tags appropriately, we can extend P; and (); to v.-fine partitions P and
Q of [a,b]. By adding the same partition points and tags to both P, and Q1

we have

S(f,P,Oé)—S(f,Q,Oé) :S(fl,Pl,oc)—S(fl,Ql,oz)

Now since P and @ are ~.-fine we have |S(fi, Pi,a) — S(f1,Q1,a)| < e.
Using the Cauchy Criterion, we conclude that f; € GRS([a,b], ). A similar
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argument can be used to show that f, € GRS([a,b],«). Now, applying the

result from the (<) part of this argument, we conclude that

l%mzl?m+lvm

O

Corollary 4. If f € GRS([a,b],a) and [c,d] C [a,b] then the restriction

fie.d) is Generalised Riemann-Stieltjes integrable.

Proof. We apply the Additivity Theorem twice: Since f is integrable on [a, b]
and ¢ € [a,b], the restriction f.; is integrable. Now d € [c,b], and so the

restriction f. g is integrable. O

Remark. Using the Additivity Theorem and induction, it can be shown that:
If f e GRS([a,b],a) and a = ¢y < ¢; < --- < ¢, = b then the restriction

fiesi1,e,) 1s integrable and

/abfda:i/:l fdo

Finally, as a way of clarifying some technical details, we have the following

definition.

Definition 14. For «, f : I — R and f € GRS(I, «) we define

klafda::o and tAafda::-[ffda



Chapter 4

The a-derivative

In this section, we consider a little known type of derivative which is mo-
tivated by the requirement of an “inverse” for the Generalised Riemann-
Stieltjes integral. Since we are integrating with respect to a function «, it
also makes sense to consider differentiating with respect to it, however, this
derivative is much less popular than the corresponding integral. Perhaps part
of the reason for this is because, as we will soon see, in many cases it simply
reduces down to a formula involving ordinary derivatives. Nevertheless, the
a-derivative is both interesting in its own right and an essential element of the
proof of the Fundamental Theorem of Calculus for the Riemann-Stieljes and

Generalised Riemann-Stieltjes integrals, as we will see in the next section.

Definition 15. Suppose f,a : I — R are functions such that « is continuous
and strictly increasing. Suppose zo € I. We say that f is a-differentiable at

i if
L @) = (o)

z—zo ax) — ()
exists. If this limit exists then we denote its value by D, f(zo). We say that
f is a-differentiable on I if f is a-differentiable at every point of I.

32



CHAPTER 4. THE oa-DERIVATIVE 33

Remark. Note that if a(x) = x then the a-derivative reduces to the usual

derivative.

The requirements for o to be continuous and strictly increasing are not
totally necessary, however, their presence in the definition is due to the re-
quirement for these conditions in some of the proofs of desirable properties,

as we will soon see.

Remark. To emphasise the point, the a-derivative is the correct derivative
to use when working with Riemann-Stieltjes or Generalised Riemann-Stieltjes
integrals; since there is an « in the integral it makes sense for it to also be a

part of the derivative.
Note that Definition 15 is equivalent to the following definition:

Definition 16. Suppose f,«a : I — R are functions such that « is continuous
and strictly increasing. Suppose xy € I. We say that f is a-differentiable at

o if
St h) = ()

h—0 a(x + h) — a(x)

exists.

The following result is important because it relates the ordinary and o

derivatives to each other.

Theorem 13. Let f,a: I — R be functions such that a is continuous and
strictly increasing. Suppose xo € I. If the ordinary derivatives f'(x¢) and

o/ (zg) both exist, and o' (xy) # 0 then

Do f(x0) =
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Proof. We have

D, f(xp) = lim

~ m [f(x) = f(=0)]/(x — m0)
w0 [a(x) — a(xo)]/(x — x0)
f'(xo)
o ()

]

Remark. Under the conditions of the previous theorem, the a-derivative
is simply a rescaling of the ordinary derivative. This provides a geometric

interpretation.

Example 10. Suppose [a,b] = [0,1], f(z) = 2* and a(z) = z*. We have

fl(wo) 4y

Doaf(l‘O) = Oé/<x0) 21,0

At the point zg = 0.5, we have o/(z9) = 1 and so there is no rescaling taking

place; the a-derivative is equal to the ordinary derivative.

Compare this to the point xg = %, where o/(zg) = % We compare the

gradients of the two tangent lines: the ordinary derivative is f'(xg) = %,

whereas the a-derivative is Do f(z0) = § + 2 = 2.

Example 11. If f(z) = ¢ where ¢ € R for all z € I then
c—c
D, = lim —— =0
J(o) v a(x) — a(xg)
If f(z) = a(z) for all z € I then
Do) = lim olz) = alwo)
z—wo o) — a(xp)

If f(z) =" and a(x) = 29 for p € R,q # 0 € R then for zy # 0 we have

=1

/ p—1
De f(x0) = (o) = p%_ — Pypa
o(zg)  qett q°

and for o =0, if 0 € I, we have D, f(0) = 0, therefore D, f(zq) = §x€_q.
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In the next original example, we see how the previous theorem can be

used to solve a-differential equations.

Example 12. Suppose we have a DE of the form

Day(x) — ky(z) = 0

for £ € R and suitable y, «. Then applying the rescaling, we have

In the following original examples, we see that there are functions f for
which f’'(z) doesn’t exist but D,f(z) does for some nontrivial a(z) # x
(nontrivial meaning that a(z) # f(z), since Dy f(z) always exists). It is also
an example of the use of the a-derivative for functions f,a which are not
differentiable at a point, which shows that the previous theorem cannot be

used for all a-derivatives.

Example 13. Note that there are some functions « : [a,b] — R which
are strictly increasing and continuous but not differentiable, so the previous
theorem is not true for general a. Consider the function « : [0,2] — R given
by

T if ze€]0,1]

a(z) =

2 if xel,2]

Then « is continuous and strictly increasing, but not differentiable at x = 1.

So the previous theorem cannot be applied to the a-derivative of any function

f:10,2] = R.
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Example 14. Suppose f,« : [—1,1] — R are given by f(z) = |z| and

—/=x it ze[-1,0]

a(r) =
NI if xe€(0,1]
Now, we know that f’(z), the ordinary derivative, does not exist at = = 0,
but we will show using first principles that D, f(x) does exist at = 0. We
consider the limits from the left and right:

o SO

e—0t a(z) —a(0)  es0t /T

and

i J@ - fO) -

z—0~ a(:E) — a(O) z—0~ —\/—_:E
= lim -z

z—0~

=0

Since the limits are equal, D, f(0) exists.

Remark. Note that the previous example can be extended to functions of
the more general form f: R — R given by f(z) = |kz — a| for £ > 0,a € R.
We choose

vVkr —a if >

—+/—(kx —a) if =<

e

alz) =

ESlis]

The following theorem proves the continuity of a-differentiable functions.

Theorem 14. If o : I — R is continuous and strictly increasing, and f :

I — R is a-differentiable at xqy, then f is continuous at xg.
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Proof. We have

i [0) = )] = lim ZE=TE N a(0) — afao)
= Daf<=730) -0
—0

where we can use the algebra of limits since both limits exist, and since « is

continuous we have lim, . [a(z) — a(zg)] = 0. O

The next few results are analogues of theorems concerning the ordinary
derivative, and these proofs are based on the standard proofs of those results,
with some minor modifications. As in the more familiar context, they provide

helpful tools for calculation of more complicated derivatives.

Theorem 15. (Algebra of a-differentiable functions) If « : I — R is con-
tinuous and strictly increasing, and f,q: I — R are a-differentiable xo then

f+ag, fg,cf and % are a-differentiable at xy and
1. Do(f + 9)(x0) = Daf(20) + Dag(o)
2. Da(f9)(x0) = [Daf(0)]g(z0) + f(0)[Dag(zo)]

3. Du(cf)(xo) = cDy f(x0)

4. D, (z) () = 1Ratl@olato)=Fao)lDaglaoll 4 (7o) £ 0

g g(zo)
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Proof. (1): We have

D7+ o)) i LED =+ 0
i f(x) +g(x) = f(x0) — g(x0)
T—To (0] x) — a(l'o)
— Lm f(x) = f(o) 9(x) — g(xo)
= Ka(:ﬁ) - Oz(xo)) " (a(x) - Oé(l‘o))}
oy J@) = flz0) . g(@) — g(w)
ml—m:o Oé(ZL') — a(aco) + :cl—mo O((l‘) — Oé(l’o)

We can use the algebra of limits since f, g are a-differentiable, and hence
both limits exist.
(2): We have

Du(fg) () = lim L9) = F(@0)g(wo)

z—0 a(z) — a(xg)
i [®)e(2) —f(xo)g((ﬂﬂo))+f(($))9($o) — f(x)g(x0)
o [F@l0@) — @) | go)lf () — fw)

z—x0 Oz(ZL‘) OZ(ZB()) 04(33) - Oé(ilfo)

= f(x0)Dag(wo) + g(x0) Da f (o)
Again it is possible to use the algebra of limits since f, g are a-differentiable.
(3): Let g(x) = ¢ in part (2).
(4): We show that if g is a-differentiable at xy and g(zy) # 0 then %} is

a-differentiable at xy. We have

D S g(wo)—g(z)
g(z)  g(wo) g(@)g(z0)

a(z) —a(zg)  a(z) - alw)
g(@) —g(zo) 1
04( ) — a(zo) g(z)g(x0)

Now, since g is a-differentiable at xg, the limit lim,_,,, % exists, and

so the limit lim,_,,, —% exists and is equal to —D,g(x¢). Since g is a-

differentiable and therefore continuous at xg, we have lim,_,,, g(z) = g(zo),
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and therefore

since g(zo) # 0. So

y 1 1
11m =
z—xo g(x)g(w0) g(x0)?

Hence, by the algebra of limits, we have

D o) - gy 9@ —g(wo) 1 Daglwo)
Da (g) ( 0) xl—mo a(:C) — a(xo) g(g;‘)g(xo) g(x0)2

So, applying (2), we obtain

i ) — [Da f(0)]g(w0) — f(w0)[Dag(x0)]
Do (9) (7o) g(x0)?

]

The next result is an original theorem concerning the relationship between

derivatives of the same function with respect to different o’s.

Theorem 16. Suppose o, : I — R are strictly increasing, continuous
functions. Suppose that f : I — R is B-differentiable at x¢y and 5 is «-

differentiable at xo. Then f is a-differentiable at x¢ and

Daf(ﬁo) - Dﬁf(zO)Daﬁ(x(])

Proof. Since f is f-differentiable at x, the limit
lim f(z) = f(@o)
=0 §(z) — B(z0)

exists. Since f is a-differentiable at xg, the limit
o B(@) = Blaw)
z—zo ax) — ()

exists. By the algebra of limits, we have

hmiﬁtiﬁgz<mnﬂ@—ﬂmgx(mnam—Mm»

z—o0 () — axp) w0 B(x) — B(20)
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and so
Da f(x0) = Dg f(0)Daf3(20)
O
The next result is another analogue of a theorem concerning the ordinary

derivative. Again it is based on the standard proof of this result for ordinary

derivatives, with some small changes.

Theorem 17. (Chain Rule) Suppose that o : I — R is a strictly increasing,
continuous function. Suppose that g : I — R is a-differentiable at x, and

f 1 — R is a-differentiable at g(x). Then f o g is differentiable at x and

Da(f © g)(x) = Da(f)lg(2)]Dag(x)

Proof. We will use Definition 16 in this proof. Since g is a-differentiable at

x, we have

— Dug(x) -0 as h—0

We define
_ gle+h) —g(x)
alx +h) —ax)

- Dozg(x)

So v = w(h) is a function of h, and v — 0 as h — 0. Similarly, since f is

a-differentiable at y := g(x), we have

fly+k)—fly) s
Ayt F)—aty) W0 e B

We define
fly+k) —fy)

U R —al) W

So w = w(k) is a function of k, and w — 0 as & — 0. By rearranging, we

obtain

g9(z + h) = g(x) + [Dag(z) + v]la(z + h) — a(2)]
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and
fly+k)=f(y) + [Daf(y) +wla(y + k) — ay)]

So we can rewrite f(g(z+ h)) as

flg(z + 1)) = flg(x) + [Dag(z) + v]la(z + h) — a(z)]]
= [(9()) + [Da(f)(9(2)) + w][Dag(z) + v][a(z + h) — ()]

So we have
flg(z +h)) — flg(x))
afr +h) —az

)
_f(g(2)) + [Da(f)(9(2)) + w][Dag() + v]la(z + h) — a(z)]
a(z + h) — a(z)

- fl(@)
alx + h) — ax)
_[Da(f)(g(x)) + w][Dag(x) + vlla(z + h) — a(z)]
alx + h) —ax)
=[Da(f)(9(z)) + w][Dag(x) + v]

and therefore

- flgla )~ fo(a)
h—0  ax+h)—a(x)

= 1lim[Da(f)(g(x) + wl[Dag(x) + v]

= (lim Do (£)(g(x)) + lim w) (lim Dag(x) + lim o)

h—0

=Dof(9(x))Da(g(x))

Note that we could use the algebra of limits since each separate limit exists.

Recall that we have v —+0as h — 0and w — 0 as h — 0. O

The next results concern the classification of maxima, minima and turning

points.

Theorem 18. Suppose o : I — R is a strictly increasing continuous func-
tion, and f : I — R is a-differentiable on (a,b). If f has a relative mazimum

or minimum at xo € (a,b) then D, f(x¢) = 0.
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Proof. Suppose that zy is a maximum. Then there exists ¢ > 0 such that
a<zg—0<zo<TO+0<b= flxg) > f(x)

If g — 0 < & < xg then we have

since f(x) — f(xg) < 0 and a(x) — a(zy) < 0 since « is strictly increasing.
Now let x — xy from below. We have D, f(zo) > 0. If o < 2 < x¢ + 9 then

we have
f(@) = f(=o)
a(z) — a(zo)

since f(z) — f(zo) <0 and a(z) — a(zg) > 0. Now let  — zo from above.

<0

We have D, f(z9) < 0. So we must have D, f(xg) = 0. The argument is

similar when xg is a minimum. O

Theorem 19. (Rolle’s Theorem) Suppose « : I — R is a strictly increas-
ing continuous function, and f : I — R is continuous on [a,b] and «-
differentiable on (a,b). If f(a) = f(b) then there exists zo € (a,b) such
that D, f(zo) = 0.

Proof. 1f the minimum and maximum of f both occur at endpoints of the
interval then f is constant and so D, f(zo) = 0 for all gy € (a,b). Otherwise,
either a minimum or a maximum occurs at xo € (a,b) and so D, f(xg) =

0. O

The next theorems are analgoues to the Mean Value type theorems for

the ordinary derivatives.

Theorem 20. (Cauchy Mean Value Theorem) Suppose a : I — R is a

strictly increasing continuous function, and f,g : I — R are continuous
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functions which are a-differentiable on (a,b). Then there exists xy € (a,b)

such that
[f(b) = f(a)]Dag(zo) = [9(b) — g(a)]Daf(z0)

Proof. We apply the previous theorem to the function

O

Theorem 21. (Mean Value Theorem) Suppose o : I — R is a strictly in-
creasing continuous function and f : I — R is continuous on |a,b] and

a-differentiable on (a,b). Then there exists ¢ € (a,b) such that

f(b) — fla
D, =
/() a(b) — ala
Proof. Let g = « in the previous theorem. m

The next result is a proof of L'Hopital’s rule in the “0/0” case, based on

the usual proof for the ordinary derivative.

Theorem 22. (L’Hopital) Suppose o : (a,b) — R is a strictly increasing
continuous function and f,g: (a,b) — R are a-differentiable on (a,b). Sup-
pose that

lim f(z)= lim g(z) =0

z—at T—a~

If Dog # 0 on (a,b) and the limit

. Daf(2)
zli>r(111+ D,g(x)

exists then g # 0 on (a,b) and

. f(x)
lim —<% =1L
z—at g(l’)
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Proof. We extend f, g to functions on [a,b] by defining f(a) = f(b) = 0.
Hence, f and g are continuous on the interval [a, z] for all x < b. We apply

the Mean Value Theorem: if z € (a,b) then
g(x) = g(z) — g(a) = [Dag(c)|(x —a) for some ¢ € (a,x)

We have D,g(c) # 0 and so g(x) # 0. By Cauchy’s Mean Value Theorem, if
x € (a,b) then there exists ¢ € (a,x) such that

f@) @) - @) _ Daf(e)

g(z)  g(x) —gla)  Dag(c)
Since ¢ € (a, ), we have ¢ — a™ as ¢ — a™. So

. f(x) _ . Daf(c)
xliglJr g(z) cl—l>rc?+ D,g(c)

O

We now see a result relating the sign of the a-derivative to the sign of
the function, which reflects the corresponding theorem about the ordinary

derivative.

Theorem 23. Suppose o : I — R s a strictly increasing continuous func-

tion, and f : I — R is a-differentiable on I. Then
1. If Dof(x) > 0 on I then f is increasing on I.
2. If Do f(z) <0 on I then f is decreasing on I.
3. If Dof(z) =0 on I then f is constant on I.

Proof. Suppose that x1,z9 € I with ;1 < x9. Since f is a-differentiable, we

have
f(x2) = f(21) = [o(2) — a(21)] Do f (20)

Since « is strictly increasing, then sign(f(xz2) — f(x1)) = sign[Daf(zo)]. O
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We now apply the a-derivative to the concept of Taylor expansions to

obtain the following result.

Theorem 24. (Taylor Ezpansions) Let n € N, and let f : I — R be a
function such that f,D,f, ... ,D((f)f are continuous on I and Dg”l)f erists
on (a,b). If g € I then for any x € I there ezists ¢ between x and xy such
that

D f(xo) DSV f(e)(w — o)™t
n! (n+1)!

f(x) = f(z0) + Daf (x0)(z — x0) + - - - +

Proof. Fix x,x¢ € 1. Denote by J the closed interval with endpoints = and
xo. We define a function f: J — R by

(z —1)"

i po

o

F(t):= f(z) — f(t) — (x — ) Do f(t) —--- —

Then we have
(z —t)"

DaF(t) = ——

DYV (t)

Now we define a function G : J — R by

Gt) = F(t) — ( vt )nH Fao)

r — I

So we have G(xy) = G(z) = 0 and can therefore apply Rolle’s Theorem to

conclude that there exists ¢ € J such that

(z —o)"

0=D,G(c) = D,F(c)+ (n+ UWF(%)

Hence,




Chapter 5

The Fundamental Theorem

The Fundamental Theorem of Calculus has analogues in the context of both
the Generalised Riemann and Riemann-Stieltjes integrals, but so far has not
been proved for the Generalised Riemann-Stieltjes integral. The following
result is made possible by the a-derivative in the previous chapter, as in the
proof in the Riemann-Stieltjes case. However, it is also somewhat stronger
than the usual Fundamental Theorem for the Riemann integral, since the
integrability of f is a consequence of the theorem rather than an assumption.
This is due to the method of proof used in the Fundamental Theorem for the

Generalised Riemann integral.

Theorem 25. (The Fundamental Theorem) Suppose « : I — R is a func-
tion which is continuous and strictly increasing. Suppose f, F : I — R are

functions such that
1. F s continuous.
2. D F(x) = f(x) forallz € 1.

Then f € GRS(I,a) and [ fda = F(b) — F(a).

46
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Proof. We want to construct a gauge 0. : I — R. If ¢ € I, then the a-
derivative of F' at t exists and so there exists a constant 0.(¢) > 0 such

that

|F(2) = F(t) — f(H)[a(z) —a(t)]| < %

for z € [t — 0-(t),t + 0-(t)] N I. We will choose d. as our gauge. Now let
u,v € I, with u < v, such that ¢t € [u,v] C [t — d.(t),t + 0.(t)]. We have,

noting that « is increasing,

[F(v) = F(u) = f{)[a(v) — a(u)]] < [F(v) = F(t) = f{)[a(v) — a@)]|
+IF() = Fu) = fB)[a(t) — a(u)]]

We have the telescoping sum

n

F(b) = Fa) = Y [F(z;) = F(xi-)]

=1

If P is a d.-fine partition then t; € [z;_1,2;] C [t; — 0-(t;), t; + 0-(¢;)]. So
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|[F(b) — F(a) = S(f, P,a)| = | Z[F(ﬂfi) — F(xi-1)] = f(t)]e(:) — alai)]]
< Z |F'(23) — F(wi-1) — f(t)[a(z:) — awi1)]]

< 3y —aga] ) )

€
=—— (b)) — ala
Q[Q(b)—a(a)][ (b) — afa)]
Since ¢ > 0 is arbitrary, we conclude that f € GRS(I,«) and
b
/ fda = F(b) — F(a)
]

In the case of the Riemann-Stieltjes integral, we have the following theo-
rem, a highly useful result which relates the integrand and integrator func-

tions and gives a formula for integration by parts.

Theorem 26. If f € R(I,«a) then a € R(I, f) and

/ab Jdo+ /b adf = f(b)a(b) — f(a)a(a)

a

For the Generalised Riemann-Stieltjes integral, however, this result is not

true. Consider the following counterexample:

Example 15. Define f,a : [0,1] — R by

0 if z=0
f(@) =a(r) =
1 if xe(0,1]

Now from example 8, we have f € GRS(I,«) and a € GRS(I, f), however

/abfda:/abadf:()
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and
f)a(b) = fla)ala) = f(1)a(l) = f(0)a(0) =1 7#0

So the formula does not hold. The problem is that the Generalised Riemann-
Stieltjes integral can integrate a wider range of functions than the Riemann-
Stieltjes can, but some of these functions are not as 'nice’, and so this prop-
erty is no longer true. Since f € RS(I,«) implies f € GRS(I,«) and the
integrals are equal, we can however say that the above theorem is true for
f € RS(I,«) where the integrals in the formula are Generalised Riemann-

Stieltjes integrals.

There is a form of integration by parts which works for Generalised
Riemann-Stieltjes integrals. This result is based on a similar theorem con-
cerning the Generalised Riemann integral, however, as in the Fundamental

Theorem, we now need to consider a-derivatives instead of ordinary ones.

Theorem 27. Let o : I — R be a continuous, strictly increasing function.

Suppose that F,G : I — R are a-differentiable on I. Then
(D,F)G € GRS(I,«a) & F(D,G) € GRS(I, )
We then have
/ b(DaF)Gda = (FGQ)|> - / b F(D,G)da

Proof. Since the functions F, G are a-differentiable on I, then the product

FG is also a-differentiable on I, and
Do (FG) = (Do F)G + F(D,G)

Note that since F, G are a-differentiable, they are also continuous, and hence
their product F'G is continuous. We can now apply the Fundamental Theo-

rem to show that D,(FG) € GRS(I,«) and

/ ’ Do(FG)da = (FGO)|!
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Now, since D, (FG) = (D, F)G + F(D,G), we have
(DuF)G = Do(FG) — F(DoG)

and so (D, F)G is integrable if and only if F(D,G) is integrable. If so, then

/ab(DaF)Gdoz = /ab D.(FG)da — /abF(DaG)da
= (FG), - /abF(DaG)da
O

As a consequence of the Fundamental Theorem, we have the following
useful result which relates an integral on [a, b] to an integral on [®(a), ®(b)]

for a function ®.

Theorem 28. (Substitution Theorem) Let I = [a,b] and J = [c,d]. Suppose

that a: T U J — R is a continuous, strictly increasing function. If

1. The function F' : J — R is continuous and D, F(x) = f(x) for all

€ J.

2. The function ® : I — R is continuous and D,P(x) = ¢(x) for all

x el
3. We have ®(I) C J.

Then (fo®)-¢ € GRS(I,a) and f € GRS(®(I),«). Furthermore,

b ®(b)
/ (fo®)- ¢da = (Foq>)|g:/ fda
a D(a)
Proof. Since F' and ® are continuous, the composition F' o ® is continuous

on I. We apply the Chain Rule:

Do(F o ®)(x) = Do F[®(2)| Da®(2) = (f 0 ®)(2)0(x)
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for all z € I. Using the Fundamental Theorem, we have (f o ®) - ¢ €
GRS(I,«) and

b
/ (fo ) gda = (F o @) = F(b)] — F[b(a)

Now, we apply the Fundamental Theorem to F' alone to conclude that f €
GRS(J,«). But ®(I)is a compact subinterval in J, and so f is integrable on
®(7), and also on the compact subinterval with endpoints ®(a) and ®(b). If
®(a) < ®(b) then, by the Fundamental Theorem, we have

20 Db
/@ | Jda=FI3 = Flo)] - Flo)

If &(b) < ®(a) then we apply the Fundamental Theorem to the interval
[®(D), ®(a)] to obtain

a(b) ®(a)
/ fda = — / fda = —F|2%) = Flo(b)] - Flo(a)
®(a) a(b)

So, in conclusion, we have

a(b)

b
/(foq>)-¢da=(Fo<1>)|g:/ fdo
a P(a)



Chapter 6

Convergence and Absolute

Integrability

In this chapter, we aim to prove analogues of important convergence re-
sults such as the Monotone and Dominated Convergence Theorems, familiar
mainly from Lebesgue integration. These results are helpful because they al-
low the interchange of a limit with an integral, which is not usually possible
and therefore a very powerful tool, in particular in calculation.

To start, we shall prove a useful lemma concerning partitions and their

subsets in relation to integration.

Definition 17. A subpartition of I is a collection {J;}5_; of non-overlapping

closed intervals in 1.
Remark. Any subset of a partition is a subpartition.

Definition 18. A tagged subpartition of [ is a collection P = {(J;,1;)}3_,
of ordered pairs where {J;}3_, are intervals forming a subpartition of I and

t; € Jjfor j € {1,...,s}. The t; are called tags.

92
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We also need to make an appropriate modification to the notion of 4-

fineness.

Definition 19. If § is a gauge on [ then the tagged subpartition P is d-fine
if
J; Ct; —6(ty),t; +6(t;)] forall jed{l,... s}

We shall also clarify our notation:

Definition 20. If P = {(J;,t;)}3_, is a tagged subpartition of I, then let

uP)=\JJ;
j=1
If fe GRS(I,a), and we write J; = [z,_1, ;] then we define
S(f. Poa) =Y f(t))la(z;) — afz;i]
j=1

and

/U(P)fda:jzs;/]jfda

Now we are ready to prove an analogue of the Saks-Henstock Lemma,
a result which is important in the proofs of convergence theorems for the

Generalised Riemann integral.

Theorem 29. (Saks-Henstock Lemma for the Generalised Riemann-Stieltjes
Integral) Let o : I — R be an integrator function. Let f € GRS(I,«). For
e>01letd.: I — (0,00) be a gauge on I such that if P is a d.-fine partition
then |S(f, P, a)—f: fda| < e. If By = {(J;,t;)}3=, is any 6.-fine subpartition
of I then

> {f(tj)[a(fvj) ~ a0 - [

=1 Ii

fda}| :]S(f,Po,a)—/U(P)fda] <e
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Proof. Let Kj,...,K,, be closed subintervals in I such that {J;} U {K}}
forms a partition of I. Fix 8 > 0. Now, using Corollary 4, we know that fx,
is integrable for k € {1,...,m}. So there exists a gauge dsz ) on K} such that
it Qi is a dg-fine partition of K} then

S/, Qua) — [ fda| <2
m

Ky,
We assume that dgx(x) < 0.(x) for all © € K}, as otherwise we could just
set 0gr(x) = 0-(x). Let P* be the tagged partition P* := BpUQ1U---UQp,
of I. We know that P* is a d.-fine partition since each element of the union

is. So
S(f, P*,« /fda| <e

Now, we have

S(f,P*,Oé>:S(f,PO,Oé)+S(f,Q1,Oé)+"'S(f,Qm,Oé)

/Ifda:/U(Po)fdoz—i—/Klfdoz—i—~~+/mfda

So, by rearranging, we obtain

S — d
(/. Pua) - [ (po)f“'
=|[S(f, P*,a ZSka, —[/fdoz—z fda|
—|[S(f, P", /fda ZSka, Z fda
§|S(f,P*,a)—/fdoz|+|25(f,Qk»Oé)—Z/ fda
I k=1 k=1 Kk

<e + m(%)

=+

and

(6.1)

Since 8 > 0 was arbitrary, we conclude that |S(f, Py, fU fda| <e. O
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Corollary 5. Under the conditions of Theorem 29, we have

O 1ft)le(ay) — ale;1)] — | fdo| < 2

j=1 Ji
Proof. Let Py be the set of pairs in Py for which f(¢;)[a(x;) — a(z;_1)] —
ij fda > 0. Let Py be the set of pairs in F for which f(¢;)[a(z;)—a(z;_1)]—
| 7 fda < 0. We apply Theorem 29 to each of these sets separately to obtain
Dol late)-ate )= [ jdol = St -etesl- | saa<c
Pt Jj
and
15 (t)lalay) ~atey)) - | fda
Py I

= (3 f(t)la(w;) — alay 1) - / fda) (6.2)

Py I
<€

Adding these two inequalities, we obtain

Z\f j) — alr;q)] - fdal
—Zf o) / fdo
- Zf ) — alzj-1)] - fda
(6.3)
Zf ey [ sio)
Zf i) —alzj-1)] - i fda)
<2
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Corollary 6. Under the conditions of theorem 29, we have

/J.fda

J

S

Z|f Nez;) — a(z;- l)l_z

7=1

< 2¢

Proof. One version of the Triangle Inequality states that for A, B € R,
—|A—=B| < [A| - [B] < |A - B|

Let A := f(t;)[a(z;) — a(x;—1)] and B := ij fda. Substituting into the

/J.fda

J

above formula, we have

—[f(t)el;) — o)) = /J fdal < [f(t;)[alz;) — alz; )] =
<1t lalay) —aley-) = [ paal

Now sum from j =1 to j = s to obtain

—Z}f a(z;) — ofzj-1) /fdoz‘
<Z’f a(x)) —ale‘—|/fd04‘
< Z | f(t))e(zs) — alz;)] - i fdal

Using the definition of the absolute value, we have

Z!f mal\—I/fda!
<3 ate,) —ate )~ [ fdo] <2

Jj

using the previous corollary. O]

Remark. Note that in the last corollary, if a is increasing then |a(z;) —

afzj-1)| = a(r;) — a(wj-1).
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We now examine the concept of absolute integrability, which further clar-

ifies the relationship between integrals and absolute value.

Definition 21. A function f : I — R with f € GRS(I,«) is absolutely
integrable with respect to « if |f| € GRS(I, «).

Definition 22. Let ¢ : I — R. The variation of ¢ over I is given by

Var(¢,1I) :=sup {Z |o(xz;) — ¢(xi—1)| : P ={I;} is a partition of I}
i=1
We say that ¢ has bounded variation on [ if Var(¢, ) < oo.

Theorem 30. (Characterisation of Absolute Integrability) Let o : I — R be
an increasing function. Let f € GRS(I,a). Then |f| is integrable if and
only if the indefinite integral F(x) := fax fda has bounded variation on I for

all x € I. Then we have

/I|f\da — Var(F, 1)

Proof. For (=): If |f| € GRS(I,a) and Q := {eg, €1, . .., en} is any partition

of I, then we have

Z|F(€z‘) — Flei)| = Z ‘ /l fdoz‘
=1 i=1 €i—1
<S> [ s

-/ | /ld

So F'is of bounded variation on [ since

Var(F,I) < /I]f]da

For («): Suppose F' is of bounded variation on I, and that Var(F,I) < occ.
Fix e > 0, and let Q := {eg, €1, ...,e,} be a partition of I such that

Var(F.I) —e < |F(e;) — Fleim)| < Var(F, I)

i=1
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If e* € (e;_1,€;) then we have
[F(ei) — Fei—1)| < |F(e") — Fei—1)| + |F(e:) — F(e7)]

So by induction, we can add a finite number of additional points to the
partition @), and the summation above will not exceed Var(F,I) as it is the
supremum (although the sum will increase). Let d. be a gauge such that for
any 0.-fine partition P of I, we have

9
< —

b
‘S(f,P,oz)—/ fda 3

Now, using Corollary 6 of the Saks-Henstock Lemma, we conclude that

/Ii fdo

We define the set £ :={e; : 1 =0,...,m}, and define a gauge 6} on I by

n

Z f(t)le(zs) — a(wima)] = >

i=1

€
< 2= 6.4
<25 (64)

52(£) = min{6. (1), %dist(t, £ (1)

Now if P* is 6}-fine then it is also d.-fine, and so (6.4) holds for P*. From the
definition of 7, every e; € E is the tag of at least one subinterval in P*. We
will add a finite number of points to the set of partition points of P*, namely
those e; which are not already partition points. Let {w;} denote the set of
partition points of P* after performing this procedure, and let {7;} denote

the corresponding tags. We have intervals J; := [u;_1,u;]. So we have

/J‘fdoz

J

p

Var(F,I) — % < Z|F(Uz) = Flui)| = Z

i=1

<Var(F,I)
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Combining with (6.4) above, for a partition P which is §*-fine we obtain

1S(f], Pa) = Var(F, 1] < |Z |[F(m)lla(uy) = a(u;)]

=301 taol|+ 30| [ sao] = var(p)

26 €
<=4 =
- 3 3
=c

Since € > 0 is arbitrary, we conclude that |f| € GRS(/, «) with integral
Var(F,I). O

Theorem 31. (Comparison Test) Let «: [ — R be an increasing function.

If f,g € GRS(I,«) and |f(x)| < g(x) forx € I then f is absolutely integrable

/Ifda < /Ilflda < /Igdoz

Proof. We define F(x) := f; fda, so that if P is a partition of I then

and

Fla) = Pl = | [ fda= [ da
- /:ifdoﬁr/: fda
o

Now f(z) < |f(x)| < g(x) for x € I, and so

f<g on [:>/fda§/gda
I I

Also, —f(x) < |f(z)| < g(z) for x € I and so f(z) > —g(x) for z € I. Hence

—g<f on I:>/I(—g)doz§/lfdoz

—/gdag/fdag/gda
I I I

So we have
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/[fda S/[gda

n n T; b
Z |F(z;) — F(xi—1)] < Z/ gdo = / gdo
i=1 i=1 Y i1 a

and so we conclude that Var(F,I) < fab gda. By the Characterisation of

or equivalently,

Hence

Absolute Integrability, we conclude that |f| € GRS(I,«) and, by Corollary

/Ifdoc S/Ilfldas/lgdoc

61 and monotonicity,

O

Theorem 32. Let o : I — R be an increasing functions. If f,g: 1 — R are
absolutely integrable with respect to o on I, and ¢ € R, then cf and f + g

are absolutely integrable.

Remark. This theorem shows that the set of absolutely integrable functions

on [ forms a vector space.

Proof. We have |cf|(z) = ||| f(z)], and since the product of a constant with
an integrable function is integrable, we conclude that |c¢f| € GRS(I, «). Since
/1,191 € GRS(I, a) then |f| +[g| € GRS(I, ). We have |f + g| <[f[+g],
so by the Comparison Test, we conclude that |f 4+ g| € GRS(I, ). O

Theorem 33. If f € GRS(I, «) then the following are equivalent:
1. |f| € GRS(I,«).

2. There exists a function w : I — R which is absolutely integrable and

satisfies f(x) < w(x) for all x € I.
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3. There exists a function 8 : I — R which is absolutely integrable and
satisfies B(x) < f(x) for all z € 1.

Proof. For (1) = (2) and (1) = (3): Let w = f.
For (2) = (1): We have f = w — (w — f). Since w — f is integrable and
w— f >0on I, we know that w — f is absolutely integrable. By Theorem
32, we conclude that f is absolutely integrable.
For (3) = (1): We have f = B+ (f — ). Since f — 3 is integrable and
f—pB >0on I, we know that f — 3 is absolutely integrable. By Theorem

32, we conclude that f is absolutely integrable. O]

Corollary 7. If o : I — R is an increasing function, and f € GRS(I,a),
then f 1s absolutely integrable if any of the following conditions hold:

e The function f is bounded above on I.
o The function f is bounded below on I.
o The function f is bounded on I.

Proof. If f is bounded above on I then there exists M € R such that |f(z)]| <
M for x € I. Since constant functions are positive, they are absolutely
integrable, and so we conclude by the previous theorem that f is absolutely

integrable. The proofs for f bounded below, or f bounded, are similar. [J

We introduce the following notation:
fvg=max{f g} and fAg=min{f g}
ff=fv0 and f = (-f)VO

Theorem 34. If o : I — R is an increasing function and f € GRS(I, «)

then the following are equivalent:
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1. The function f is absolutely integrable.
2. [, f~ € GRS(I,q).
3. The functions fT, f~ are absolutely integrable.

Proof. For (1) = (2): We have f™ = 1(f+|f|) and f~ = 1(|f| — f). Since
f,1f] € GRS(I,«), we have f* f~ € GRS(I, ).

For (2) = (3): Since f*, f~ > 0, the functions f*, f~ are absolutely inte-
grable.

For (3) = (1): We have |f| = fT+f~. Since fT, f~ are absolutely integrable,
we conclude that |f| is absolutely integrable. O

Theorem 35. If o : I — R is an increasing function and f,g € GRS(I, a)

then the following are equivalent:
1. The functions f, g are absolutely integrable.
2. The function fV g is absolutely integrable.
3. The function f N\ g is absolutely integrable.

Proof. For (1) = (2): We have fV g = 3(f + g+ |f — g|), which is a linear
combination of absolutely integrable functions, and so f V g is absolutely
integrable.

For (2) = (1): Since f,g < f V g, by theorem 33 we conclude that f and ¢
are absolutely integrable.

For (1) = (3): We have fAg = 3(f+g—|f—g|), which is a linear combination
of absolutely integrable functions, and so f A g is absolutely integrable.

For (3) = (1): Since f,g > f A f, by theorem 33 we conclude that f and ¢

are absolutely integrable. O]



CHAPTER 6. CONVERGENCE AND ABSOLUTE INTEGRABILITY63

Theorem 36. If « : I — R is an increasing function and f,g,08,w €

GRS(I,«) then
1. If f <w and g <w then fV g and f A g are integrable.
2. If B< fand B < g then fV g and f N g are integrable.

Proof. Note that

fVg=g(ftgtif—g) and fAg=(f+g-1f—g)

For (1): We have fV g < w, and sp
0<|f—gl=2(fVg)—f-9g<2w—f—y

Using the Comparison Test, we know that |f — g| is integrable, and so fV g
and f A g are integrable.
For (2): We have f A g > (3 and therefore —(f A g) < 8. Now

frg=5(f+g-1f - )
=2(fNg)=f+g—I|f -4l
=|f—gl=f+g9-2(fAg)
=0<[f—-g/<f+g—28

By the Comparison Test, we know that |f — g| is integrable, and so f V ¢
and f A g are integrable. O

Remark. Using mathematical induction, we can show that if fi,..., f, are

integrable then f; V---V f, and f; A--- A f, are integrable.

Definition 23. A sequence of functions (f), where f : I — R, is said to be

uniformly convergent on [/ to a function f if for every € > 0 there exists

K. € N such that if £ > K. and x € [ then |fiy(z) — f(z)| <e.
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Theorem 37. (Uniform Convergence Theorem) Let o : I — R be an increas-
ing function. If the sequence (f) € GRS(I,a) converges to f uniformly on
I then f € GRS(I,a) and

/ fda = lim [ fida
Proof. Fix ¢ > 0. By uniform convergence, there exists K. € N such that if

k> K. and © € I then |fi(z) — f(x)] < 5w a@y S0 if b,k > K. then

|fe(z) = f(2)] < 3 and | fp(z) = f(2)| < 2[a(d) — a(a)]

Hence

() = fr(@)| = |[fa(x) = f(2)] + [f(2) = fi(2)]]
< [fu(@) = f@)| + |f(2) = fu(@)]

[a(b) — a(a)]

By expanding the absolute value, we have

<

& g
“Tal) —afay ~ MO M) < mTaEy frored

So after integrating we obtain

e Tl — o) < [ fuda— [
e

kdOz
(6.5)
[a(b) — afa)] = €

[(b) — a(a)]

znm—znm

Now ¢ > 0 is arbitrary, so we conclude that ( f ; fr) is a Cauchy sequence in R.

and so

<e€

Since R is complete, it is also a convergent sequence in R, with limit A € R.

We will show that f € GRS(I,«) with integral A. Fix ¢ > 0. Let K. € N
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be as above, and suppose that P is a tagged partition of I. For k > K. we

have

1S(fx, Pya) = S(f, P,a)| = |Z[fk(ti) — f@)l[a(xi) — afziy)]|

< Z|fk(ti) — f)lla(z:) — a(wia)]

< Z ) + 2][ a(z;) — a(zi-1)]

:mw—a@+m“@‘“@]

The second last line is true by uniform convergence, while the last line

is derived by evaluating the telescoping sum. Let » > K. be such that
| [; frda — A] < e. Since f, € GRS(I, ), there exists a gauge 4, on I such

that
€

/ﬁm SUn P9 < Gy ata) 1 2

whenever P is a 0, -fine partition. We then have

|S(f,P,OC)—A| < |S(f,P,OZ)—S<fT,P,Oé)|+|S(fT,P,Oz)—/IdeOé|

+ | /Ifrda — A

< a0 a2 Tt G T 2
£

o) —ala) + 2
[

= o) —a@ 1 [a(b) — a(a) + 2]

Since € > 0 was arbitrary, we conclude that f € GRS(I,«) and fI fda =
A. O

Theorem 38. (Monotone Convergence Theorem) Let o : I — R be an

increasing function. Let (fi)72, be a monotone sequence in GRS(I,«). Let
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f(z) == limy o0 fr(x) for allz € I. Then f € GRS(I,«) if and only if the

sequence ([, frda)p>, is bounded in R. Furthermore,
/ fda = lim [ fida
I k—oo [

Proof. Without loss of generality, we may assume that the sequence (fx)72,
is monotone increasing.
For (=): If f € GRS(I,a) then fi(z) < fi(z) < frri(z) < f(z) for all

x € I, and therefore, since « is increasing, we have

/IfldOéS/IfkdOéS /Ifkﬂdoéﬁ/lfd@

So the sequence ([, feda)2, is increasing and bounded. Since we are proving
an if and only if statement, it suffices to show that the integral of the limit
is the limit of the integral in only one direction (here we will use the (<)
direction).

For («): Let A :=sup{ [, frda : k € N}. The increasing, bounded sequence
(f; feder) converges to its supremum, that is, A. If ¢ > 0, let 7 € N be such
that

1 € 3
= <@ ™ 54 < e

Since fr € GRS(I, ) for all k € N, there exists a gauge d; : I — (0, 00) such

that if P is a di-fine partition then

(. P.) = [ fudal < 55

Now since f(z) = limg_o0 fx(2), for all z € I there exists an integer k(z) > r

such that

0= /@) = Il < = o 52

We define d.(t) := 0r(t) for t € I, so d. is a gauge on I. We want to show

that f is integrable with integral A, that is, if P is a J.-fine partition then
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we want to show that |S(f, P,a) — A| is suitably small. Using the Triangle

Inequality, we have

|S(f>Paa A|<|Zf _a/xz 1 kat) —Oé(ZL'Z 1)”
+|ka (i) Z/fk \dal
+|izl/hfk(ti>d0<—z4l

(6.6)

We shall look at each term separately. For the first term, we have

\Zf(ti)(oé(%) a(@i1) ka — afzi-1)]|

<Z|f = Jieen ()| [ev(zi) — af@i1))]

n

<o) =@ 17 L) ~ atwi)]

“Ta0) —ae) g« — @)

The second last line is true since 0 < f(z) — fi(z) < a0 ety For the

second term, we have

|kat) _043311 /fk(t dCY|
<3 Vfueo (®)lales) — o)) — Z / fugeodo
i=1 i=1 Y1

Let s := max{k(t1),...,k(t,)}. So we must have s > r. Now, we rewrite the
summation above by iterating: firstly over the integers i such that k(t;) = p
for some integer p > r, and secondly over p = r,...,s. Consider the tags t;
such that k(t;) = p for some fixed value of p. The interval I; (which contains

t;) must then be contained within a closed interval centred at ¢; and with
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radius d:(t;) = Ok, (t;) = 9,(t;). Hence, the collection Py = {(I;,t;) : k(t;) =

p} forms a §,-fine subpartition. Due to d,-fineness, we have

1S(fy Py, ) / fpda|<—

Using Corollary 5 of the Saks-Henstock Lemma, we have

1 1
Z Fueo (t9)l0z0) — i) /fk ol 2.5 = o
Now, taking a summation over p = r, ..., s we conclude that the second term

in (6.6) is dominated by

1 €
= ; -1~ 22 = [a(b) — ala) + 2]

p=r
by the definition of r. For the third term: since (f) is increasing and r <

k(t;) < s, we have f, < fr,) < fs and therefore

/frdaé/fk(t,.)daé/fsda
I; I; I;

We take a summation from 7 = 1 to 7 = n to obtain

/frdoz < Z/ Jreoda < /frdoz
I i1 1 I

Hence, by the definitions of A and r, we have

6 n
4 [a(b) — aa) + 2] < ;/} frenda < A

So we have

Z/ freodo= Al < oo+ 2

Thus, we have estimated each of the three terms in equation (6.6), and can
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now combine then. So if P is d.-fine, then

U P o) =A< b= @ v 2 e —a(@ + 2
+ [a(b) — afa) + 2]
=(b—-a+2) -

[(b) — afa) + 2]

=&

Since € > 0 was arbitrary, we conclude that f € GRS(/, «) and

/fda = lim/fkda
I k= Jr

Lemma 1. Let fi, 8 € GRS(I,a) be such that
B(x) < fr(x) for zel,keN
Then inf{ f : k € N} belongs to GRS(I, ).

Proof. Since f(z) < fx(z) for all x € I and all k € N, we know that inf{ f;}
exists and is at least 8. If k € N, then define the function ¥ = fi A--- A fi.
Using induction, we conclude that 1, € GRS(I, o). Now, the sequence {1}

is decreasing on I to the limit inf{f;}. But

[wmzlwa

So we can apply the Monotone Convergence Theorem to conclude that
lim ¢y € GRS(I, «)
k—o0

Hence inf{f;} € GRS(I, ). O
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Theorem 39. (Fatou’s Lemma) Let o : I — R be an increasing function.
Let f, 5 € GRS(I,«) be such that B(x) < fi(x) for allx € I and k € N,

and

lim inf/fkdoz < 00
I

k—o0

Then liminfy o, fr € GRS(I,«) and
—00 < /lim inf frda < lim inf/fkdoz < 00
I k—o0 k—o0 I

Proof. We define ¢y, := inf{f,, : m > k,m € N} for £ € N. Now, from the
previous lemma, we have ¢, € GRS(I, ). Since f(x) < ¢p(x) < fr(z) for

all x € I,k € N, we have

/I Bda < /1 drdor < /I fudo

for all kK € N. Hence

/ﬁdoz < liminf/qﬁkda < liminf/fkda
I k—o0 I k—o00 I

Now, (¢y) is an increasing sequence which converges to ¢ = liminf f; on
I, and so the increasing sequence ([, ¢pda) is convergent, and therefore
bounded. We can now apply the Monotone Convergence Theorem to con-

clude that ¢ = lim ¢, = liminf f;, € GRS(I,a) and

/ oda = lim [ ¢pda € R
I k—o0 I

Since we assumed that liminf [ ; Jeda < 0o, we conclude that

—00 < /lim inf frda < lim inf/fkda < 00
I >~ Jr

k—o00 k—

]

Theorem 40. (Dominated Convergence Theorem) Let o : I — R be an in-

creasing function. Let (fi) be a sequence in GRS (I, ) with f(x) := lim fy.(x)
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for all x € I. Suppose that there exist functions B,w € GRS(I,«) such that
B(x) < fr(x) <w(x) for allz € I,k € N. Then f € GRS(I,a) and

/fda = lim | frd«
I k—oo [t
Proof. We have f(z) = lim fx(z) = liminf fx(z) € R for all x € I. Since

B(x) < fr(z) <w(z) for all x € I,k € N we have

/Bdaﬁ/fkdag/wda Vk e N
I I I

So lim inf f[ frda € R and lim sup f[ frda € R. Now, by Fatou’s Lemma, f €
GRS(I,a) and [, f < liminf [, fydo. We now apply Fatou’s Lemma to the
sequence (—fi). Note that for a set A, we have liminf(—A) = — limsup(A).
So

—/Ifd&:/I(—f)d&§li]£r_1>g1f/j(—fk)da:—liiri}s;jp/Ifkda

So we conclude that

limsup/fkdozg /fda
k—o00 I 1

Combining the consequences of Fatou’s Lemma for the sequences (f) and
(—fx), we obtain
0= f 1
O

Remark. Note that if at least one of £, w, f,, is absolutely integrable then

the limit function f is also absolutely integrable.

Theorem 41. (Mean Convergence Theorem) Let o : I — R be an increasing
function. Let (fy) be a sequence of functions with fi, € GRS(I,«) for all
ke N and

f(z) = lim fy(z) Vxel

k—o0
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Suppose that there exist functions B, w € GRS (I, ) such that f(z) < fi(z) <
w(x) for all z € I and all k € N. Then the function f — fi is absolutely
integrable for all k € N and

lim/1|f—fk|doz:0

k—o00

Proof. Application of the Dominated Convergence Theorem shows that f €
GRS(I,a). Now since f, fr € GRS(I,a) we have f — fi. € GRS(I, «) for all
k € N. We take the limit as k — oo of f(z) < fr(z) < w(x) to obtain

Blz) < f(z) <w(x) Veel
Now, we also have —w(z) < — fx(z) < —f(x) and so
—w(x) + fx) < flx) = fulz) S w(z) - Bz)

therefore —(w — ) < f — fr <w — f. Hence 0 < |f — fx] < w — . Now,
since w — 3 is integrable and positive, it is absolutely integrable. By the
Comparison Test, we conclude that f — f; is absolutely integrable. We now
apply the Dominated Convergence Theorem to gy := |f — fx|, /1 = 0 and
w; = w — . Note that limy_,. |f — fx] = 0. We conclude that

lim | grda = / lim grda =0
I 1 k—o0

k—o00

and hence

i [ 1f  felda =0
k—oo I
O

Definition 24. Let o : I — R be an integrator function. A collection
F C GRS(I, ) is equi-integrable on [ if for all € > 0 there exists a gauge
0. on I such that if P is any J.-fine partition of I and f € F then

S(f,P,a) - /I fda| < ¢
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Theorem 42. (Gordon’s Theorem) Let o : I — R be an increasing function.
Suppose that (f) € GRS(I,«) and f(x) = limy_o0 fr(x) for allz € 1. Then
f€GRS(I,a) and

/fda = hm fkda

if and only if for all € > 0 there exists a gauge d. on I such that if P is
d.-fine then there exists Kp € N such that if k > Kp then

|S(fk,P,a)—/Ifkda| <e

Note that if (f;) is equi-integrable then for all £ > 0 there exists a gauge
0. on [ such that if P is d.-fine, (and taking Kp = 1), then if £ > Kp we
have [S(fr, P,a) — [, frda| < e. So as a consequence of Gordon’s Theorem,

we have the Equi-Integrability Theorem:

Theorem 43. If (fi) € GRS(I,«a) is equi-integrable on I and f(x) =
limg oo fx(x) for all z € I then f € GRS(I,a) and

/ fda = lim [ fida
I k—oo [

Proof. (Of Gordon’s Theorem)

For («=): We will first show that ([, frde) is a Cauchy sequence. Fix ¢ > 0.
By the hypotheses of the theorem, there exists Kp € N such that if £ > Kp
then |S(fk,P, O{) — f] fk;dOZ| < m.
tags {t1,...,t,} and we have f(t) = lim fi(¢) for all ¢ € I. So there exists an

integer K. > Kp such that if h, k > K, then |f(t;) — fu(t;)| <

Now, P contains finitely many

a(b)— a(a)+3]



CHAPTER 6. CONVERGENCE AND ABSOLUTE INTEGRABILITY74

So

|S(fk,P,Oé) - S(fh,P,Oé)|

= Z fr(t)lalzs) = aei)] =Y falt) (@) — a(wi)]

=1

< Z | fi(ti) — fu(t)|[a(zi)a(Tiz1)]

< o) — (@ + 320 ~ (@)

Now let h — oo: We have

3

1S(fu, P,at) — S(f, P,a)| < @) —a(a) + 2]

[a(b) — a(a)]

for k > K,.. If h,k > K, then we have

[nM—[ﬁm

<

/Ifkda_s(fkvpva)
+|S(fk,P,OZ)—S(fh,P,OZ)|

+ ‘S(fk,P, CE) - /Ifthz

[0(b) — a(a) +3] " [a(b) — ala) + 3]
() — a(a) + 3)

- [a(b) — afa) + 3] [a(b) — ala) + 2]

[(b) — afa)]

<

+

Since € > 0 was arbitrary, we conclude that ( [, fyda) is a Cauchy sequence,

and hence is convergent to A € R. Now let h — oo: we have

/Ifkda _ A‘ < e —a@ +2

for k > K..
Claim: f € GRS(I,«) with integral A.
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Proof of Claim: If P is a d.-fine partition of I and £ > K, > Kp then

S(f,P.a) — Al < |S(f. P.a) — S(fi, P.a)| + |S(fi Prat) - / fudal

+ ’ /IfkdOé — Al

< o) —ala) 3 [a(b) — ala) + 2]
" o) —ala) + 3]

+ - [a(b) — ala) + 2]

() — a(a) + 3]

=&

Since £ > 0 is arbitrary, we conclude that f € GRS(I, ) with integral A.
For (=): Fix € > 0. Then there exists M. € N such that if £ > M, then

/Ifda—/lfkda

If f € GRS(I, ) then there exists a gauge . such that if P is d.-fine then

<<
3

’S(f, Pa) - / fda

<=
3

We choose Kp > M, such that if K > Kp then

€
[filti) = f(8)] < g3
3la(b) — ala)]
for all i = 1,...,n. This is possible since by fx(t;) — f(¢;), and since there
are finitely many 7, if we can find a suitable Kp for each i then an integer that

will satisfy the requirements for all ¢ can be found by taking the maximum
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of these values. So

S(fi, Pra) = S(f. Poa)| = | D [fults) — f(ta)][a:) — a(wiz)]

i=1

< Z | fi(t:) — ft)|[a(zi) — alziy)]

< ; 3[&(5) _ Oé((l)] [CY(.%Z) - a(xi—l)]

Therefore if kK > Kp > M, then we have

|S(fk7pva)_/lfkda| < |S(fk,P,Oé)—S(f,P,Oz)|—|—|S(f,P,CM)—/Ifd(l/|

/I fda — /1 frda

<€+€+€
3 3 3

=&

+

Since £ > 0 was arbitrary, we conclude that for £ > Kp we have

<€

‘ﬂme—th



Chapter 7

The Simplification Theorem

The Simplification Theorem is an original result which converts between Gen-
eralised Riemann-Stieltjes integrals and Riemann or Generalised Riemann in-
tegrals. Not only does this provide an easier way of calculating Generalised
Riemann-Stieltjes integrals, it also gives a simple geometric interpretation as

the area under a suitable function. This theorem is based on similar work in

[2], [3] and [4].

Theorem 44. (Simplification Theorem) Let « : [a,b] — R be an increasing
function with o € C([a,b]). Let f : [a,b] — R be a continuous function with

f € GRS([a,b], ). Then

[ rwatn) = [ e

where the integral on the left is a Generalised Riemann-Stieltjes integral, and

the integral on the right is a Generalised Riemann integral.

Remark. Note that the integral on the right exists, since all continuous

functions are Generalised Riemann integrable.
Proof. We define g(z) := f(z)d/(x). Suppose that P = {(I;,t;)} is a partition

77
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of I, and consider the Riemann sum

P) =3 glt)(xx — )
— Z ftr)a (ty)(zy — Tp—1)
k=1

Now we consider the following Riemann-Stieltjes sum
S(f, P,«) Zf (tr) [ — a(xp_1)]
We apply the Mean Value Theorem to the function « to show that

a(zy) — a@p—1) = o' (vp) (2 — Tp—1)

for some vy € (zx_1,2x). Substituting into the Riemann-Stieltjes sum, we

obtain
S(f, P a) = thk k) (T — Tp—1)

So we have
S(f, P, a) Zf te)[o (o) — o' (0r)] (z, — 24-1)

Since f is a continuous function on a closed interval, it is bounded, and so
there exists M > 0 such that |f(z)| < M for all z € I. Since o’ is continuous
on [a,b], it is also uniformly continuous on [a,b]. So if we have fixed £ > 0
then there exists 65 > 0 such that

2M (b — a)

Now, since f € GRS([a,b],«) there exists a gauge 7. on [ such that if P
is v.-fine then |S(f, P,«a) — fab fdal < £. We define the function J.(t) :=

2

0 < |z —y| <208 = |o(z) — '(y)] <

min{d¢,7.(t)} for t € I. Now 6. is a gauge, and if a partition P is J. fine it
is also 0¢-fine and ~y.-fine. So if P is d.-fine then

b
S(7.Poa)~ [ fdal < 5
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If P is d.-fine, then for each interval [xy_1,xg] in P we have

[k—1, xk] C [t; — 0c(ts), ti + 0:(t;)]
C [ti — 0%, t; + 6]

and therefore xy — xp_1 = |xp — xp_1| < 265 Now if v, € (z5_1, 2x), we have
ok, — t| < |k — zp—1]| < 20¢. Then by uniform continuity of o, we have
o (o) — /(1) < 57—
2M (b — a)

Now we have

n

[S(f, P.a) = S(g. P) =Y ft)la (0g) — o (t)] (x4 — w11)

= ; Maorip—ay o~ m)
- 2(b—a) p (@ = 24a)
9
"
T2

and therefore, using the Triangle Inequality,

b b
S(P,g) - / fda| < |S(P.g) — S(f. P.a)| + S(f, P.a) / fdaf

Since € > 0 is arbitrary, we conclude that ¢ = fa/ is Generalised Riemann

integrable with

[ et = [ e
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Remark. How should the Riemann-Stieltjes integral be visualised? The geo-
metric interpretation of the Riemann integral of the function f(z) from x = a
to z = b is the area under the curve y = f(x) between those endpoints. The
Riemann-Stieltjes integral in Theorem 44 can be interpreted geometrically
as the area below the curve (z,y) = («(t), f(t)) for t € [a,b]. This allows us

to interpret the integral as the familiar sum of rectangles.
Let us see some examples of this process.

Example 16. Suppose [a,b] = [0, 1], a(z) = 2 and f(z) = . We calculate
f: f(z)da(z) using the Simplification Theorem. We have

1 1
/:deZZ/ zd (x)dz
0 0
1
:/ 20%dw
0

3
To geometrically interpret the integral on the left hand side, we look at the

area under the graph (x,y) = (t*,¢) for 0 < ¢ < 1:

1 .
Y
0.8 |
0.6 |
0.4 ¢

0.2

0O 02 04 06 08 1

To geometrically interpret the integral on the right hand side, we look at the

area under the graph y = 222 for 0 < z < 1:
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0O 02 04 06 08 1

Both of the shaded regions have an area of %

Example 17. Suppose [a,b] = [0, 5], f(z) = v+ 1, and a(x) = sin(z). We
calculate fab f(z)da(x) using the Simplification Theorem. We have

/O * 4 Ddsin(e) = /0 Yo 10 (@)de

= /O%(x + 1) cos(x)dx

™

2
To geometrically interpret the integral on the left hand side, we look at the

area under the graph (z,y) = (sin(¢),t +1) for 0 <t < T
1.5 1Y
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To geometrically interpret the integral on the right hand side, we look at the

area under the graph y = (z + 1) cos(x) for 0 <t < 7:

Y

1.2

1
0.8
0.6
0.4
0.2

0
0 02 04 06 08 1 12 14



Chapter 8

Existence Results

In this chapter, we prove a variety of results of an important type - existence
theorems. As with other types of integration such as Generalised Riemann
and Lebesgue, we start by examining the integrability of step functions and
then build on that to prove integrability of more complicated functions.
Our first theorem proves the integrability of the simplest possible form of

step function.

Definition 25. A function s : I — R is a step function if there exist

ai,...,a, € R and a partition {[¢;_1, ¢;]} of I such that
s(x) =a; for =€ (¢1,¢)
and s(x) =1 for x = ¢;, where i = 1,... n.

Remark. The value of s at the partition points does not matter for integra-

tion; it could be set to any number.

Theorem 45. Suppose that o : I — R is Lipschitz continuous with constant

83
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K. Let the function s; : I — R defined by

( ) Q5 Zf WS (Cj—lacj)
Sj Xr) =
1 otherwise

where a; # 0 € R and (¢;_1,¢;) C (a,b). Then s; € GRS(I, ) and
b
[ e = ajlate) -~ ate)
Proof. Fix ¢ > 0. We define a gauge 6. : I — (0,00) by

sdist(t, {cj-1, ) it € {cj, 05}

0 if te {Cj—hcj}

3:(t) =

where we can choose the value of § € (0,00) later. So ¢;_; and ¢; are tags
of any subintervals containing those points. We split such intervals into two
subintervals with partition point (and tag) given by ¢;_; or ¢;. This procedure
does not change the value of the Riemann-Stieltjes sum. Now ¢;_; is the tag
for subintervals [z,_1,z,] and [z,, z,4+1] where ¢;_1 = ©, = t, = t,11, and ¢;
is the tag for subintervals [z,_1, x| and [z, xs41] Where ¢; = x5 =t = t541.
The non-zero terms in the Riemann-Stieltjes sum are those which correspond

to tags t,19,...,ts_1. SO

S(si.Pia) = 3 ayfaten) ~ a(ei)) = gla(es ) ~ ()
We have
(2s1) = ales) ~ falz, ) ~ afes)
and

a(zry1) = afcjo1) = [a(xr41) — alcj1)]

So we can rewrite the Riemann-Stieltjes sum as

S(sj, P,a) = ajla(c;) — alcj-1)] + ajla(rs1) — aley)] — aja(w,11) — alej-1)]
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Now since « is Lipschitz, for y;,y2 € I we have |a(y1) — a(y)| < Klys —
yoland therefore |a(y;) — a(y2)| < (K + 1)|ya — y2|. If P is d.-fine then
lcj —xs-1] <20 and |z,41 — ¢j—1| < 20. Hence |a(c¢;j) — a(zs_1)| < 2(K +1)6
and |o(z,41) — a(cj_1)| < 2(K 4+ 1)§. Now we have

5(sj, P.a) — ajlalc;) — alej-1)]]
=la;[a(zs—1) — aley)] — ajla(zri1) — ale;-1)]]
<la;lo(zs-1) — aley)]] + lase(@rs1) — alej-1)]]
<2|a;|(K 4+ 1) + 2|a;|(K + 1)
=4|a;|(K 4+ 1)
Now a; # 0 so0 we can choose any value of § such that

§<—0°
So for such § we have |S(s;, P, ) — aj[a(c;) — a(c;—1)]| < e, and since € > 0

was arbitrary we conclude that s; € GRS(I, ) and

b
[ s = ajlate) — ate)
[

Corollary 8. Suppose that o : I — R s Lipschitz continuous with constant
K. Then all step functions s : I — R are integrable with respect to c.

Furthermore, if s is defined as in Definition 25, we have

n

/a Cwda =3 afafe) - alery)

=1

Proof. We have, for s; as in the previous theorem,

S§=81+ -+ sy,
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Since s; is integrable for each i € {1,...,n}, by linearity we conclude that s

is integrable and that

/ab sdo = Zz:; /a” sida = gai[a(ci) — ale;i1)]
[

Definition 26. A function f : I — R is regulated if for all £ > 0 there exists

a step function s. : I — R such that
|f(z) —sc(z)| <e forall zel

Remark. By setting ¢ = %, we see that a function f is regulated if and only
if there exists a sequence (s,,) of step functions which converges uniformly to

fonl.

Theorem 46. Suppose f : I — R 1is requlated, and o : I — R is Lipschitz
continuous. Then f € GRS(I, ).

Proof. Fix ¢ > 0. Let s. be a step function such that
|f(x) —s.(x)| <e forall zel
We define functions ¢., 1. : I — R by
Oe() = s:(z) — &, Ue(7) 1= s:(x) + €

for all z € I. So the functions ¢., 1. are step functions and are therefore

integrable on I. Also, note that ¢.(z) < f(z) < 9.(x) for all z € I, and

/a (e — b)dox = / " geda = 26[a(b) — a(a)

So, applying the Squeeze Theorem, we conclude that f is integrable on I
with respect to a. O
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The following theorem allows us an easier way to prove that a function

is regulated and thus integrable.

Theorem 47. (Characterisation of Regulated Functions) A function f : 1 —
R is requlated if and only if it has all of its one-sided limits at every point in

I.

Proof. For (=): Firstly, every step function has one-sided limits at every
point in I. Now, fix ¢ € [a,b) and € > 0. Let s. : I — R be a step function

with the property that
f(z) — s.(z)] < g Vo el

Since lim, .+ s.(x) exists, and s. is a step function, there exists d.(c) > 0
such that

z,y € (¢,c+6:(c)) = se(x) = s.(y)

So if z,y € (¢, ¢+ 0-(c)) then

[F(2) = )l < [f(2) = se(@)] + [se (@) = se(y)] + [s:(y) = F(¥)]

<€+O+8
2 2
=¢

Now ¢ > 0 was arbitrary, so by the Cauchy Criterion, the limit

lim f(x)

z—ct
exists. We can use a similar argument to show that left-hand limits exist.
For («<): Suppose that all one-sided limits of f exist at every point of I.
Using the Cauchy criterion, we know that for all £ > 0 there is a gauge d. on
I such that if ¢ € I and yy,y2 are both in either [t — d.(¢),t) or (¢,¢ + d.(¢)]
then

|f(y1) — fly2)| <e
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Let P = {([zs_1,i],t;)} be a d.-fine partition of I. We define a function
se : I — R as follows. If z is one of the partition points or tags then we set

se(z) == f(2). fx € (x;_1,t;) C [t; — 0.(t;),t;) then we define

se(x) = f (%(%—1 + tz‘))

so that we have

) = 50l = 10) = f (los+10) <

Similarly, if = € (¢;,x;) C (t;,t; + 6-(;)) then we define
1
sia)i= £ (30

so that we have

) = sl = 170) = £ (G042 ) | <

Hence s. is a step function satisfying
lf(x) —s.(z)|<e Vxel
Since € > 0 is arbitrary, we conclude that f is a regulated function. O]
The next results are consequences of the above characterisation.

Theorem 48. If f : [ — R is continuous and o : I — R is Lipschitz
continuous, then f € GRS(I, a).

Proof. Since f is continuous, it has a limit at every point of I, and so using
the Characterisation Theorem, we conclude that f is regulated. Hence it is

integrable. O

Theorem 49. If f : I — R is monotone and o : I — R is Lipschitz
continuous, then f € GRS(I,a).
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Proof. Since f is monotone, it has one-sided limits at each point in , so using

the Characterisation Theorem, it is regulated. Hence f is integrable. O]

The following result examines the integrability of products of functions.
So far we have only considered the product of a function with a constant (as
part of the proof that the collection of integrable functions is a vector space),
but with the existence results in this section we can now consider products of
functions. A similar approach is taken concerning the Generalised Riemann

integrability of products.

Theorem 50. Suppose that f : I — R is bounded below, g : I — R 1is

requlated and o : I — R is Lipschitz continuous and increasing. Then fg €

GRS(I,a).

Proof. 1t is sufficient to consider the case that f(x) > 0 for all x € [. If
s: 1 — R is a step function, then fs € GRS(I,«). Now, let A € R be such
that

b
A>/ fda >0

and fix ¢ > 0. Since g is regulated, there exists a step function s. : I — R
such that

lg(2) — 5.(2)| < i Vo el
We define functions ¢., 1. : [ — R by
6u() = f(@)[s:(2) = 5] v (@) = F@)lse() + 5] Vo el
So both ¢. and ). are integrable and
o:(x) < f(z)g(z) <(x) Vzel

Furthermore, we have

/abwg—@)da: %/abfdam
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Hence, by the Squeeze Theorem, we conclude that fg € GRS(I, ).

90



Chapter 9

Hake’s Theorem and Infinite

Intervals

In this chapter we see an analogue of Hake’s Theorem, a result which con-
cerns improper integrability. As in the context of the Generalised Riemann
integral, it can be shown that integrability and improper integrability are
equivalent, or, in other words, the integral cannot be extended by taking
limits. This result is important both in calculation and in working with

infinite intervals. To start, we need to review some results from topology.

Definition 27. Suppose E C [a,b]. A collection F of non-degenerate closed
subintervals of [a — 1,b + 1] is a Vitali covering of F if for all z € E and

all s > 0 there exists an interval J € F such that z € J and 0 < [(J) < s.

Remark. If F is a Vitali covering for E then every z € FE is contained in

infinitely many intervals in F.

Example 18. Let E = [a,b] = [0,1]. The collection of closed balls B(%,r)
where n € N and r € QN [0, 1] is a Vitali covering of FE.

91
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Theorem 51. (Vitali Covering Theorem) Let E C [a,b] and let F be a Vitali
covering of E. Given € > 0, there exist disjoint intervals Ir,...,I, € F and
{Ji 1 >p+ 1}, a countable collection of closed intervals in R such that
p 00 00
E-Jnc |J s and D I(J)<e
=1 i=p+1 i=p+1

and hence

rerU U
1=1

i=p+1

Proof. Fix I,..., I, € F. If
Ec|Jrn
i=1

then we take J; = () for all ¢« > r + 1. Otherwise, we define
F.={1 € F: I contains points of E and I is disjoint from Iy,...,I.}

Let A, be the supremum of the lengths of intervals in F,. So we must have
Ar < b—a+ 2 from the definition of a Vitali covering. We choose [,,1 € F.
such that [([,,1) < %)\T. By performing this procedure iteratively, we obtain
a sequence of intervals (I;) which is infinite unless E is contained in the union
of some finite number, say k, in which case we set J,,, = --- = (. So we
suppose that we obtain an infinite sequence (I;). The I; are pairwise disjoint

and contained in [a — 1,b+ 1] so

ULy <b—a+2
=1

Fix € > 0. There exists p € N such that

i=p+1

o] ™

We define
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Fix x € D,. Then since F is a Vitali covering, there exists an interval I, € F
such that x € I, and I, N ; =P foralli=1,...,p. So I, € F,,.
Claim: The interval I, must intersect at least one I,, for n > p.
Proof of Claim: If I,NI; =@ fori=1,... ,nthen I, € F, and 0 < I(I,) < \,.

But we have 0 < \,, < 2(1,,11) and so

lim =0
n—oo

But then it is not possible that 0 < [(I,) < A, for all n € N. Let n(z) be
the smallest n € N such that I, N I, # . We have n(x) > p by definition.
Also, since I, € Fpz)-1, we have [(I;) < Ap@)—1. Now I, contains x and
also contains a point in the interval I,,(,). The distance from x to x,), the

midpoint of I,(,), is given by

1

5
:_l[nx
5! n)]

Let J,(y) be the interval with the same midpoint of I,,(,) but with [(J,)) =
51[1(z)). We have x € Jy . For i > p+ 1, let the interval J; be constructed

from I; in this way. Since x € D, was arbitrary, we conclude that

p [e%¢)
U C U Ji
i=1 i=p+1

We also have

]

Definition 28. If f € GRS(I,«) and u € [ then the function F, : I — R

:/uxfda

given by
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is the indefinite integral of f with basepoint u. Any function that differs

from F, by a constant is an indefinite integral of f.

Definition 29. The subset Z C [ is a null set if for all € > 0 there exists

a countable collection of intervals {U,,} such that

Z C DUn and il(Un) <e
=1 =1

The next result resembles the Fundamental Theorem, but instead con-
cerns indefinite integrals. It has an important role in the proof of Hake’s

Theorem.

Theorem 52. (Differentiation Theorem) Suppose that f € GRS(I,«). Let
F be an indefinite integral of f. Then there exists a null set Z C I such that
if v € I —Z then F'(x) exists and F'(x) = f(x). Hence F is also continuous

on I.

Proof. We define
E :={z €la,b): F\ (x) either does not exist at x or is not equal to f(x)}

where F'| (z) is the right hand derivative of F' at z.
Claim: F' is a null set.
Proof of claim: If F' has a right hand derivative at x € I then for all § > 0

there exists s > 0 such that if v € I is such that z < v < £ 4+ s then

If we negate this statement, we obtain: if x € F then there exists f(z) > 0

such that for all s > 0 there exists v, ; € I with x < v, <2 + s and

- f(z)

‘F(vxys) — F(x) > B(a)

Vps — T
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Multiplying by |v, s — x|, we obtain
|F(v2s) = Fz) = f(2)(ve,s — 2)| > B(2) |00, — 2
For n € N, we define
1
E,:={zcE:p) =~}

Fix € > 0. Since f is Generalised Riemann integrable, there exists a gauge

0. on I such that if a partition P is d.-fine then

’S(f, Pa)— /I fda

£
< J—
n
We define
Fo =A{[z, v 12 € E,,0 < s <d.(x)}

Now F is a Vitali covering for E,, since
0<vps—2<sEr<U,s<T+S

By the Vitali Covering Theorem, there exist intervals
I =[x, v),.... I, = [z,,v,] € F,

and a sequence (.J;)5%; of closed intervals such that

EHQOL»U G J; and i I(J;) < e
i=1 i=p+1 i=p+1

We have

1 — ) — [ fda] = Y |flei) s = ) = [F(w) — F)

1
> — i — T
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when 8(x;) > . But we have s < d.(z;) and so  + s < x + d0.(s), and
r; < v < x4 0(x;). So {(I;,x;)}_; forms a subpartition of a d.-fine
partition of I for white

£
< —
n

’S(f, Pa) /I fda

By Corollary 5 of the Saks-Henstock Lemma, we have

n

Combining inequalities gives

n

3 (=) < DD — 2 — [Fle) — F)l < =

Now we multiply by n to obtain

p

(=) <0 Y |fw)o o) — [ fdal <22

i=1

But E,, is contained in a countable union of intervals. By the above inequality,
the total lengths of the I; is bounded by 2¢. As part of the Vitali Covering
Theorem we obtained Z;’Zp 1 1(Ji) < e. So E, is contained in a countable

union of intervals with total length bounded by 3e. Since € > 0 was arbitrary,

we conclude that F,, is a null set. We have

E=|]JE,
n=1
so E is also a null set. Similarly, the set of points in (a, b] where F' does not

have a left hand derivative is also a null set. The set Z is the union of these

two null sets, and hence is also a null set. O

Theorem 53. (Hake’s Theorem) A function f : I — R is integrable if and
only if there exists A € R such that for all ¢ € (a,b) the restriction of f to
[a, c| is integrable and

lim fda=A

c—=b" S,
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A:lvm

Proof. For (=): If ¢ € (a,b) then f|j, is integrable. The indefinite integral

We then have

of f with basepoint a is continuous at b (by the Differentiation Theorem),
and so
b c
/ fda = lim fda
a c—=b~ J,
For («<): Suppose that there exists A € R such that for all ¢ € (a,b), the
restriction fi, q is integrable on [a, c| and

lim fda=A

c—=b" S,

Let (cx)p2, be a strictly increasing sequence of points with a = ¢y and b =

limy,_, oo ¢i. Fix € > 0. We choose r € N such that

hoe <t €
e <D
31f(b)]+1
and
¢ 1
t €le,b) = / fda—A‘ < g€

For k € N| let 0 be a gauge on Iy = [cx_1,cx] such that if Py is a Jg-fine

partition of I, then

1le

<__
32k

‘S(f, P a) —/ fda

Iy,
Without loss of generality we may assume that, by redefining the dy, if nec-

essary, we have

1
d1(co) < 5(01 — ¢o)

) 1 1
For k>1:6k11(ck) < min{og(ck), §(ck — Cp-1), §(Ck+1 — )}

1 1
For k>1:6(t) < min{i(t — Ck), §(Ck —t)} for te€ (cp1,ck)
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We define a gauge on I by

5(t) _ (Sk(t) if te [Ck—la Ck)

b—c, if t=25b
If a partition P is d-fine then since b & I for any k, the last subinterval
[€,_1,b] must have tag t, = b. If P is 0-fine then ¢, = b — 6(b) < z,_1. Let
s € N be the smallest positive integer such that x,_; < c,, so that we have
r<s. Ifke{l,...;s—1} then ¢; must be the tag for any subinterval
which contains it. By splitting such intervals in two with partition point ¢y,

we may assume that cg,...,cs_1 are the partition points. Let
Q1:=PnNlcy, ]y, Qs1:= PN [cs_a,¢51],Qs := PN [cs_1,2n 1]

Now each @) is a di-fine partition of I, and so we have

1le
<__

(.Qua) - [ fa| < 5

Iy,

Since Qg is ds-fine subpartition of I, we have

1e

FMQMwa/%VM<§§

We define Q° := {([x,_1,b],b)} so that S(f, Q% a) = f(b)(b — x,_1) and
therefore |S(f, Q" @) < [f(b)|(b — zn-1) < 3¢. Now

P:Qlu"‘UQs—IUQSUQb
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and so, by the Triangle Inequality,

S(f, Poa) = Al =Y S(f,Qi ) + S(f,Q") — A

i=1

<135 Qua) = [ fdal +15(7.Q" )
i=1 a

+y/  fda— A

<1+1 +1
€+ e+ ¢
3 3 3
=c

Since £ > 0 was arbitrary, we conclude that f € GRS(I,«) with integral
A. O

We have only considered intervals of the form I = [a, ] so far. Now we
shall set up the theory for infinite intervals, that is, intervals of the form
I =la,00),I = (—00,b] or I = (—00,00). Most of the results from earlier
chapters also hold for the infinite case with only minor adjustments. Of
particular interest will be the application of Hake’s Theorem in the proof of
the Fundamental Theorem, which reflects the proof of this result in the case

of the Generalised Riemann integral.

Definition 30. For I = [a,0), a tagged partition of [ is a collection of

the form
{([xO’ xl]v tl)’ T ([xn—la "L‘n]a tn)7 ([mn’ OO]? OO)}

For I = (00,b], a tagged partition of [ is a collection of the form
{<[_007 5(]1], —OO), ([xla x2]7t2)7 SRR ([xm mn-l-l]? tn+1)}
For I = (—o0, ), a tagged partition of I is a collection of the form

{([_007 xl]? —OO), ([xb x2]> t2)> R ([mm xn-i-l]? tn+1)7 ([:Bn-i-lv OO], OO)}
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We extend a function f : [a,00) — R to f : [a,00] — R by defining
f(o0) := 0. Similarly, we extend g : (—00,b] — R to g : [-00,b] — R by
defining g(—o0) = 0, and extend h : (00,00) — R to h : [—00,00] — R by
defining h(—o0) = h(oo) = 0. If  : I — R is an integrator function, then
it can be extended by setting a(—00) = a(oo) = 0, although the choice of
value at the endpoints is irrelevant.

In this way, the Riemann-Stieltjes sum as defined earlier makes sense as a

sum of extended real numbers, using the convention that cox0) = —oox0 = 0.

Definition 31. A gauge on an infinite interval [ is a strictly positive func-

tion on I.

Definition 32. A partition P of [a, 0] is d-fine for a gauge 0 : [a,00] —

(0, 00) if the finite intervals satisfy
(i1, @) St —6(t:), 6 +0(t)] for i=1,....n
and the infinite interval satisfies

[, 00] € | o0

1
A vpartition P of [—o00,b| is d-fine for a gauge § : [—oo,b] — (0,00) if the
finite intervals satisfy

and the infinite interval satisfies

[—o0, 21] C [—00, —

oo
A partition P of [—o00, 0] is d-fine for a gauge 0 : [—00, 00] — (0, 00) if the

finite intervals satisfy
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and the infinite intervals satisfy

1 1
5(_00)] and [xn,oo]g[ﬁ,oo]

Definition 33. Let [ be an infinite interval. A function f : I — R is

[—o0, 21] C [—o00, —

Generalised Riemann Stieltjes integrable on [ with respect to o : I — R if
there exists L € R such that for all £ > 0 there exists a gauge J. : I — (0, 00)
such that if P is a d.-fine partition of I then

’S(f,P,Oé)—L| <é

Then L is the Generalised Riemann integral of f over I with respect to a,

/Ifdoz:L

Theorem 54. (Existence of d-fine partitions) If § : |a,00] is a gauge then

and we write

there exist §-fine partitions of |a, 00].
Proof. We choose b € R such that

1
b > max{a, ——}

6(00)
The interval [a, b] has a d|[a, b]-fine partition P = {(I;,t;)}"_; by Theorem 2.
We define I,,11 = [b, 00| and t,,+1 = oco. The tagged partition P U ([b, 00|, 00)

is a d-fine partition of [a, 0o]. O

Similarly, it can be shown that if 4 is a gauge on [—00, b] or [—00, c0] then

there exist d-fine partitions of those intervals.

Theorem 55. (Hake for [a,o0]) Let f,a : [a,00] — R be functions. Then
f € GRS([a, o], «) if and only if f € GRS([a, c|,«) for all compact intervals

[a, c] with ¢ € [a,00), and there exists A € R such that

lim fda=A

c— 00 a
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/:Ofda:A

We can prove generalisations of Hake’s Theorem to [—o0, b] and [—o0, 0]

If so then

similarly.

Proof. For (=): Let A = [ fda. Fix e > 0. Since f € GRS([a, o], ),
there exists a gauge v on [a, 00| such that if P is a v-fine partition then
|S(f,P,a) — A < 5. Let x, be the second last partition point, and let
¢ > x, be finite. The Additivity Theorem carries over to the infinite interval

case with no changes, so the function f is integrable on [a, c|]. Hence, there

exists a gauge 7. on [a, ] such that if P, is a 7.-fine partition of [a, ¢| then

<

‘S(f, P.a)— /cfdoz

a

£
2
We assume that ~.(t) < ~(t) for all t € [a, ], as otherwise we could redefine

Y. to be the minimum of the two. We define the partition P} as
P! := P.U ([c, ], 00)
Then P7 is v-fine since ¢ > x,, > @. We have
S(f, B o) = S(f, Pe, o) + f(00)l([¢; 00)) = S(f, Fe, @)
By the Triangle Inequality, we have

a a5
<4<

N ™

2

=&

for any ¢ > x,. Since £ > 0 was arbitrary, we conclude that

lim fda=A

c— 00 a
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For («): Suppose that there exists A € R such that for all ¢ € (a,00), the

function f|, is integrable and

lim fda=A

c—00 a

Let (ck)32, be a strictly increasing sequence with

co=a and hmck 00
k—oco

Fix € > 0. We choose r € N such that

b 9
/deé—A‘<§

If k£ € N then let §; be a gauge on Ij, := [cx_1, ¢x] such that if a partition P

b>c —

is 0i-fine then

ok+1

'S(f,Pk,a)—/I fda| <

Without loss of generality (by redefining if necessary), we assume that

1
d1(co) < 5(01 — ¢o)

1(Ck:, {qu, Ck+1})}

For k>1:6pe1(ck) < min{dx(c),

2
For k> 1:8,(t) < %(t (v cr}) for t€ (concn)
We define a gauge 9 : [a, 00] — (0,00) by

5k(t) if tel,keN
L if t=o00
Let P be a d-fine partition of [a,c0]. By J-fineness, we have ¢, < x,. Let

s € N be the smallest positive integer such that x,, < ¢s. So we must have

r<s. If ke {l,...,s —1} then ¢t must be the tag for any subinterval in
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the partition containing it. By splitting such intervals in two at ¢, we may

assume that cg,...,cs_1 are some of the partition points. We define
Q1:=PnNlcy,c1], -, Qs—1:= PN cs_2,¢5-1], Qs := PN [cs_1, 1]
Now, each Qg, for k € {1,...,s — 1}, is a dx-fine partition of [ and so

< 2k+1

’S(f, Q. 0) - / fda

Iy,

Also, @), is a d,-fine subpartition. We may apply the Saks-Henstock Lemma

to infinite intervals to conclude that

g
25+1

<

'S(f,QS,Oé)—/ ’ deé

If we define Qw := {([zn, 0], 00} then S(f, Qw, ) = 0. Now
P=@QU---UQsUQx

and so, by the Triangle Inequality,

|S(f7P>O‘)_A’ = Zs(faQiaa)+S<f7Qooaa)_A
=1

< |>5(.Qua) -~ [ fda| 4150/, Q)
i=1 @

+ /mnfda—A'
19 19

=c

Since € > 0 was arbitrary, we conclude that f € GRS([a, 00}, o) with integral
A. O

Theorem 56. (Fundamental Theorem) Suppose that o : [a,00) — R is
continuous and strictly increasing. Suppose that f, F : [a,00) — R are such

that
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e The function F' is continuous on [a,00) and lim,_ . F(z).
o We have D, F(x) = f(x) for all x € (a,00).

Then f € GRS([a,00),a) and
h fda = lim [F(z) — F(a)]

a T—00

We can prove generalisations of the Fundamental Theorem to (—oo,b]

and [—o0, 00| similarly.

Proof. If v € (a,00) then we apply the Fundamental Theorem for closed,
bounded intervals to [a,v] to conclude that f € GRS([a,~], «) and

/ " fda = F(y) — F(a)

Now we let v — oo and apply Hake’s Theorem to conclude that f €
GRS([a,00),a) and

fda = lim [F(z) — F(a)]

T—00



Chapter 10

Reduction to Finite Sums

In this section, we consider some original applications for Generalised Riemann-
Stieltjes integrals involving a particular choice of integrator function « - step
functions. In doing so, we prove results which convert an integral into a finite
sum based on similar theorems involving the Riemann-Stieltjes integral.

The following theorems are based on well-known properties of the Riemann-

Stieltjes integral given in [3] and [4].
Theorem 57. Suppose that a < ¢ < b and that the function o : I — R 1is

given by

ala) if a<z<c

afz) =9 k if x=c

a(b) if e<xz<b
where a(a), k,a(b) € R. Then all f: I — R are integrable on I with respect

to o and

/ fda = £(©)[a(c) — a(c)]

106
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Proof. We choose the gauge ¢ : I — (0,00) given by

+(z,0) if z#c¢
i(x) =

1 if r=c
Then, for a d-fine partition P, any subinterval containing ¢ must have c as its
tag. If ¢ is not one of the partition points, then we calculate the Riemann-

Stieltjes sum

n

S(f, Poa) =) ft)a(z:) — alwi)]

)e(e™) — afcT)]

If ¢ is one of the partition points, then it is the tag for precisely two intervals,

= f(o)[axj) — a(z;j—1)] where [z;_1,z;] has c as its tag
= f(c

and we calculate the Riemann sum
S(f, P,a) = Zf(tz’)[@(l‘z‘) — a(wi-1)]

= f()]ale) — alz;j—1)] + flo)|a(zjr1) — alc)]

= f(o)la(c) = a(cT)]

= f(d)la(c™) = alcT)]
So, in both cases, we have |S(f, P, a)— f(c)[a(cT)—a(c7)]| = 0, and therefore
fe€GRS(I,a) and

b
[ #da = f@latet) - ate )
]

Definition 34. Suppose o : I — R is a step function. Then the number
a(xp+) — azg-) is called the jump at xy, for 1 < k < n. The jump at z; is

given by «a(z1+) — a(z1), and the jump at x, is given by a(z,) — a(z,-)
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Theorem 58. Let a: I — R be a step function with jump oy at x. Then

all f 1 — R are integrable on I with respect to o, and

/f Jda(a fok

Proof. We have, using the Additivity Theorem and the previous theorem,

/f Yda(x Z/ f(z)da(x fok

Definition 35. We define the greatest integer function |z|: R — R by

choosing |z ] to be the greatest integer less than or equal to .

Remark. Note that |z is the unique number satisfying
lz] <z < |x]+1

Theorem 59. Fvery finite sum can be written as a Generalised Riemann-

Stieltjes integral.

Proof. Let >")'_, ai be a finite sum. Define f : [0,n] — R by

ag if k—-1<ax<k
f(x) =
0 if =0

The greatest integer function is a step function with a jump of 1 at each

integer. Applying the previous theorem, we have

/0 @l =S fm =
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Remark. The Riemann-Liouville fractional integral (which we will see later
in more detail) can be approximated as a Generalised Riemann-Stieltjes in-
tegral and therefore as a finite sum. We use this process to define a discrete
approximation to this integral in the following original work:

We have

DY) = s [ = w0 pwdn = [ f)datu)

where « : [0,¢] — R is given by the primitive of (¢ — u)*~!/T'(u), which is

We partition the interval [0,¢] with [t] equally spaced partition points w;
given by
u; = i for i = o |t

1]

We then approximate the function o by a : I — R, given by

a(u) =au;) for wig <u<uy

Now, since « is a step function, we can use Theorem 58 to write the integral
fot f(u)da(u) as a finite sum. We note that for i = 1,...,[t] — 1 we have a
jump of a(u;41) — a(u;) at the partition point u;, and for i = |t| we have a

jump of 0. So, we obtain

lt]—1
/ f(u)da(u / fu)da(u Z fuy)o(uiyr) — alu;)]
As a consequence of the results on the conversion of Riemann-Stieltjes in-
tegrals to finite sums, we are able to rewrite two common integral transforms

in another way in the following original application:

Theorem 60. [t is possible to write both the Laplace transform and Z-

transform in the form of a Generalised Riemann-Stieltjes integral

Amﬂwwum
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Proof. For the Laplace transform, we define

for e > 0. We have
/ x)doe(z / flx
0
= / f(z)e **dx
0

which is the Laplace transform. For the Z-transform, we define

j-1.5)(z) (L —¢ )
j:l
for ¢ > 1. Now, we can write
1 _ _
a.(x) = T [Lpn(z)(L—e™) 4+ Lpg(z)(l —e?) + -]
15
or, equivalently,
(
1 if 0<z<1

ldelgode kD i L_1<z<k

\

We now consider the interval [0,n]. We have

| oo Zf (ac(me) — ()] = S F)

So on the interval [0, co] we have

/f () = 3 F 0"

This is a Z-transform starting at k£ = 1 (not k = 0). O



Chapter 11

Fractional Calculus

The process of defining higher order integer derivatives is very natural - sim-
ply taking iterated derivates an integer number of times. Fractional calculus
is motivated by the question of whether it is possible to define fractional (or
even real or complex) order derivatives. Unfortunately, unlike with higher
order integer derivates, there is no obvious choice of definition, and many
approaches have been tried since the question was first posed in the 1700s.
Ideas include interpolation between the appropriate integer derivatives, and
modifying the formulas for integer derivatives using, for example, the gamma
function. However, today’s definitions are unusual in that first a fractional
integral is defined, and then that is used to create the fractional derivative.
The reason for this is that both the Riemann-Liouville and Caputo fractional
derivates operate on the same principle - that integration and differentiation
are natural “inverses” of each other (for example, in the Fundamental The-
orem, we see that the integral of a derivative is the original function). The
fractional derivatives use the idea that by taking an integer number of ordi-
nary derivatives, and a fractional number of integrals, the two will “cancel

each other out” in order to obtain a fractional number of derivatives.

111
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Suppose T' > 0. In this chapter, f is a real-valued function on [0, 7.

Definition 36. Suppose v € R.y. We define the Riemann-Liouville frac-

tional integral of a function f to be the integral

Dy () = ﬁ / (t — u)™ f(u)du

Example 19. Let f(x) = zF for some k& > 0. We calculate the Riemann-

Liouville fractional integral of f: We have

D (z*) = ﬁ /Ox(:z; — )"k du
= L ' _Y Y=17=10 Kk 0y,
N F(v)/o S !

Now we perform a substitution, v = ¥, and hence du = zdv:

1 1
D (z%) = W/o (1 =) 2" Y aw) zdo
- L 2 tE /1 vF(1 — ) do
F(V) 0
1
= — "Bk +1,
_ F(W/ + 1) a:,'y—i—k:
Fiy+k+1)

where B represents the beta function.

We then use the integral to define the fractional derivative. There are

two possible ways of doing this:

Definition 37. Suppose v € R.. Let n be the least integer greater than or
equal to 7. The Riemann-Liouville fractional derivative of a function
f is given by

d a1

D0 = Ge D0 = Gl [ =
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Definition 38. Suppose v € R.o. Let n be the least integer greater than or

equal to 7. The Caputo fractional derivative of a function f is given by

) a* 1

D(0) = DG (0) = s [ (=0 e

In the Riemann-Liouville fractional derivative, the integration is per-
formed first, and then the differentiation, whereas in the Caputo fractional
derivative, the operations are performed in the reverse order. These will not

necessarily give the same answer, as we can see in the example below.

Remark. Note that the Caputo fractional derivative of a constant is 0, re-
flecting the behaviour of the ordinary derivative, while the Riemann-Liouville

derivative does not share this property.

Example 20. Continuing Example 19, we will calculate both the Riemann-
Liouville and Caputo fractional derivatives. Suppose v = 0.5, and so n = 1.

Firstly, we find the Riemann-Liouville fractional derivative:

d
DOS (k) — & p-(1-05)
(%) = £ D009 f(z)
d
:_D70.5
£ D% f(a)
I'(1.
_ L5 kos

CT(1.5+ k)

Next, we find the Caputo fractional derivative. We have f1)(u) = L (u¥) =

ku*=1 Now

1 X
DO'S(xk) _ F(l 5 5) / (iE . u)1—0~5_1ku(k—1)du
—0.5)
k ’ —0.5, (k—1)
T(0.5) /0 (x —u)"""u u
k v u
__ N 1 = Uy-05,,(k-1) 4
T(0.5) /0 (1= 2) ™ du
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We substitute v = % so that xdv = du, and therefore

D3 (zF) = —F(§,5) /0 (1— U)_0‘5(vx)(k_1)dv

k-1l

_ / v* (1 —0) %5
I'(0.5) Jo

ferk—1

I'(0.5)

ka* 1T (k)

I'(k+0.5)

B(k,0.5)




Chapter 12

Generalised Fractional Calculus

In this chapter, we generalise the three main definitions from fractional calcu-
lus that we saw in the previous section using the a-derivative and Generalised
Riemann-Stieltjes integral. What were previously ordinary derivatives will be
changed to a-derivatives, and what were previously Riemann (or Lebesgue)
integrals will be changed to Generalised Riemann-Stieltjes integrals (or “a-
integrals”). The motivation behind the creation of these new definitions is
that firstly, we can prove existence of the integrals and derivatives using the
existence results from Chapter 8, secondly, we may be able to use Hake’s
Theorem to extend the definitions to infinite intervals, and finally, the Gen-
eralised Riemann-Stieltjes integral can integrate a wider range of functions
than the other integrals we’'ve seen. The work in this chapter is entirely
original.

We begin with an analogue of the Riemann-Liouville fractional integral.

Definition 39. Suppose T' > 0, > 1 € R, and «, f are real-valued functions

on [0,7T]. The Riemann-Liouville fractional a-integral is given by

D f(t) = ﬁ / (t — up f(w)da(u)

115
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Theorem 61. If o is Lipschitz continuous and increasing, and f is either

regulated or bounded below on [0,t] then D_*f(t) exists.

Proof. Suppose that f is regulated. We know that (¢ — u)*~! is continuous
on [0,t], and therefore bounded on [0, ¢] (a continuous function on a compact
interval), and therefore bounded below on [0,¢]. So, using Theorem 50, we
conclude that the integral exists. Suppose that f is bounded below on [0, t].
We know that (¢ — u)*~! is continuous on [0,¢], and therefore uniformly
continuous and hence regulated on [0,¢]. So by Theorem 50, we conclude

that the integral exists. O]

Example 21. We define o : [0,1] — R by

x if 0<2<0.5
a(z) =
22+ 0.5 if 05<z<l1

and f:[0,1] = R by

0 if 0<2<0.25
flz) =

1 if 025<x<1
Now, « is strictly increasing, and is piecewise smooth with bounded deriva-
tive, hence Lipschitz. But « is not C'*([0,1]) so we may not use the Simpli-
fication Theorem to convert to the ordinary case. But, using Theorem 61,
we know that the Riemann-Liouville fractional a-integral of f exists. This
example shows that the new definitions do not simply reduce to the familiar

ones from fractional calculus, but have their own independent merit.

Next we see an analogue of the Riemann-Liouville fractional derivative.
As in the previous section on fractional calculus, we will use the fractional

integral that we just saw to define both of the derivatives.
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Definition 40. Suppose 7' > 0, > 1 € R, and «, f are real-valued functions

on [0,7]. The Riemann-Liouville fractional a-derivative is given by

RL(f,a,p) = DD, =10 £ (t)

_pi L e ) dafa
ba {F(M—u)/o(t ) flu)dau)

Theorem 62. If f : [0,t] — R is analytic and o/(u) = Mu* or o/ (u) =
M(t —u)* for some k, M € R then RL(f, o, ) exists.

Proof. Since f is analytic, we have

o
= g a,u”

n=0

and so
_— t — )= () da(u
= [ =0 pwdaw

1
P(fp] =
11 Zan/ (t —u)P =Yy da(u)

We now apply the Simplification Theorem:

([u] = p)

RL(f,a,p) = m nzzg an/o (t —w)M=r" 2/ (u)du

u

If o/ (u) = Mu" then we have, applying a substitution v = ¥,
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M = !
RL(f,a, ) = (M) Z an/ (t — )Pty th gy
- 0

Za"/ fﬂ] p=1ylp]—p—1 (?)n+kt”+kdu
a

n=0
a

n=0

=0

7;

:F(( )Z ntfu] ptn+k— 1/01(1_U)fu]—u—1vn+ktdv
(U] - Z
M S Tk DT = )
F(M—u)nz Tt kot [l —pt D)

B 'n+k+1)
_Mg& L(n+k+4[p] —p+1)

WBn+ k41, [u] — M)t[lﬂ*#‘i’ﬂ‘i’k‘

:~z%s~z
= S

u

If o/ (u) = M(t —u)* then we have, applying a substitution v = ¥,

o0
RL(f,a,p) = an, t—u THl=r=Lyn (t — u)*du
(“L] nZ:% 0
M ptk=1,n
ap U
w1 > A
M ptk—1[pu]—pt+k—1 (u) n
an t t"du
(M ; /0 t
/ M prtk=1, nylpl—ptktn—1y 1.,
(M
zan L ] Ry
M
where B represents the beta function. O

Finally, we define an analogue to the Caputo fractional derivative.

Definition 41. Suppose T > 0, f and « are real-valued functions on [0, 7],
and p > 1 € R. We define, for t € [0,7], the Caputo fractional «-
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derivative

C(f, e, p)(t) = D= DIETf (1)
1

- - t — W)= =D de(u
= A= [ =0 D et

Remark. Note that for a(x) = x, the above definition reduces to the ordi-

nary Caputo derivative that we saw in the previous chapter.

Theorem 63. If « is increasing and Lipschitz continuous, and one of the

following 1is true:
e The function f is [p]-times continuously a-differentiable on [0, t].

o The function f is ([p] — 1)-times continuously a-differentiable on [0, ]
and DIV f exists and is bounded below on [0,¢].

Then the Caputo fractional a-derivative of f exists.

Proof. Case 1: Suppose f is [u]-times continuously a-differentiable on [0, ¢].
Firstly, the function h(u) := (t — u)[*1=#~1 is bounded below because h is a
continuous function on a compact interval, and is therefore bounded. Sec-
ondly, the function D f(u) is regulated. Since f is [u]-times continuously
differentiable, we know that D f(u) is continuous. Now, a continuous func-
tion on a closed interval is uniformly continuous, and therefore it is regulated.
By Theorem 50, we conclude that the integral exists.

Case 2: Suppose f is ([p] —1)-times continuously a-differentiable on [0, ]
and DI f is bounded below on [0,¢] Note that the function h(u) := (t —
u)!M1=#=1 is continuous on [0, ¢], therefore uniformly continuous on [0,#], and

hence regulated. Using Theorem 50, we conclude that the integral exists. [

Example 22. Suppose that g > 1, a is Lipschitz continuous and increasing,
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and f(u) =k for all u € [0,T]. We have
1

- - t — ) [H=r=1plud alu
Fr = | (=0 D e

1
r

—M)/O (t —u) [ul=p=1, Oda(u)

C(f,a,p) =

|
(T
=0

Note that this reflects the behaviour of the ordinary Caputo derivative of a

constant.

Example 23. Suppose a is C*([0,7]) and increasing, u > 1 and f(u) = e*®
is [p]-times a-differentiable on [0, T]. Note that D, f(u) = o/(%e:)(“) = f(u).
We have

o :; ' — )= DT 0 de(u
Clf0ui) = = [ (=07 Dl f(wpdaw
R S PP RO S
s [—w da(u)
1

== t — ) [Hr e () du
—F(M—u)/o(t ) (u)d

using the Simplification Theorem. Note that (t — u)/#1=#~1e®®) is regulated
since it is continuous, and therefore it is also Generalised Riemann-Stieltjes
integrable with respect to « on [0, 7] by Theorem 46. Hence, it is appropriate
to use the Simplification Theorem here. So

a :; t _ufM—u—li @\ du
Clloup) = = | (= e

which is the ordinary Caputo derivative of f(u) = e*®.

Example 24. Suppose f(u) = u?, a(u) = u? where p,q > 1. We have

Do f(u) = fé;EZ;

pup~t

quit

Py
q
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and
I p
D2 _ r - p—q—1
of () RS q(p q)u
_plp . Q)up_aq
q
spon_Plp—q 1 s
Daf(“) - qg quq—l (p 2Q)u
_pp—9)(p—29)
_ g

In general, we have

P —a)p—2q) - (p—(n=1)q) ,

Dpf(u) = -
So
C(f, o u)
— ) M p=1ryul u
m /t (D fu)lda(w)
M /0 N 1p(p — Q)---(;?“;(M —1)Q)up_mqa,(u)du

P([ul = p)at
_plp—q) - (p—([p] —1)g) /t NTul—p—1, pra(1—Tu])—1
B L([p] = p)gh=1 p 6 ! .
using the Simplification Theorem. Let
pp—q)---(p—([p] —1)q)
L([u] = p)ghei=

Now, we will perform a substitution v = ¥ in order to evaluate the integral:

_plp—q)---(p—([pu] = 1)q )/ (u]—p—1, p—[ulg.. g—1
= (t —u) u qul™du
)

K =

C(f,a,pm)

— K / O lil=n=1qlul—p1 (?)Wlm“t”q(l—w—ldu

1
_ ol —nepra(i—[ul)-2 / (1 p)[i1=n=typra=TD =1y,
0

1
T / (1 — p)[il-n=1 =T =1 g,
0

= Ktlimetrral=iD =t B(p 4 g(1 = [u]), (1] = 1)
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where B represents the beta function. Now, we can simplify further:

C(f, o, )

_ =)= (1] = V), p—pipraa-run-1 L@+ a1 = [0]))T([p] — 1)
T([p] — p)glP1=1 C(p+q(1 = Tul) + [p] — 1)

_plp—q) - (p—(Ju] —1)q) I(p+q(1 —[u])

] =ptpta(i=Tp])-1

— 1))
gt C(p+q(1—Tul) + [p] — )



Chapter 13

Conclusion

In summary, we have reviewed four types of integral (the Riemann integral
and three related types), with particular focus on the Generalised Riemann-
Stieltjes integral and its properties. We then presented an overview of the
a-derivative and expanded its theory, as well as proving the Fundamental
Theorem of Calculus for Generalised Riemann-Stieltjes integrals. Finally, we
examined definitions and some basic examples from the field of fractional
calculus, then applied the earlier work on the Generalised Riemann-Stieltjes
integral to increase the scope of those definitions.

There are many more avenues of study to be considered based on the
results we have seen so far. Naturally, it will be of interest to prove fur-
ther existence results for the Riemann-Liouville fractional a-integral and
a-derivative, as well as the Caputo fractional a-derivative. In particular,
the Riemann-Liouville derivative can only be proven to exist under certain,
specific conditions, and in further work it would be beneficial to expand the
class of functions for which this definition exists.

Although we briefly considered the geometric interpretation of the Gener-

alised Riemann-Stieltjes integral, further work is needed on the visualisation
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of this integral as the current results only apply under specific conditions
on the integrand and integrator. As a consequence of the lack of suitable
geometric meaning of the Riemann-Stieltjes integral, the definitions from
fractional calculus are also difficult to understand geometrically, although [7]
presents ideas about the interpretation of both the Riemann-Stieltjes integral
as well as various integrals in fractional calculus. Further work should focus
on the visualisation of the definitions in Chapter 12.

We examined a basic type of a-differential equation in Chapter 4, but
this case simplified to an easy ordinary differential equation. There is scope
for further exploration into the concepts of higher order a-derivatives, partial
a-derivatives, a-differential equations and fractional a-differential equations.

Future work would attempt to generalise the results given in [9].



Bibliography

[1] Bartle, R. (2001). A Modern Theory of Integration. Providence (R.L.):

American Mathematical Society.

[2] Bartle, R. and Sherbert, D. (2011). Introduction to Real Analysis.: J.
Wiley and Sons.

[3] Widder, D. (1989). Advanced Calculus. New York: Dover Publ.

[4] Apostol, T. (1974). Mathematical Analysis. 2nd ed. Reading, Mass.,
etc.: Addison-Wesley.

[5] Bartle, R. (1996). Return to the Riemann integral. The American Math-
ematical Monthly, 103(8), p.625.

[6] Castillo, D., Chapinz, S. (2008). The Fundamental Theorem of Calculus

for the Riemann-Stieltjes integral. Lecturas Matematicas, p115.

[7] Podlubny, I.: Geometric and physical interpretation of fractional in-
tegration and fractional differentiation. (2002) Fractional Calculus and

Applied Analysis, vol. 5, no. 4, pp. 367-386.

[8] Lim, J., Yoon, J., Kangweon-Kyungki. (1998). On Henstock-Stieltjes
Integral. Math. Jour.6, No. 1, pp. 8796.

125



BIBLIOGRAPHY 126

[9] Diethelm, K. (2010). The Analysis of Fractional Differential Equations.

Heidelberg: Springer-Verlag.



